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Do effective interactions depend on the choice of coordinates?
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A common approach to complex systems such as colloidal suspensions or polymer solutions describes the
mesoscopic behavior using effective interactions. These potentials act between the macromolecular entities and
can be derived by integrating out the microscopic degrees of freedom. The remaining macroparticle coordi-
nates need to be chosena priori. Two obvious choices are~i! the centers of mass and~ii ! distinct microscopic
entities, such as special ‘‘tagged’’ monomers. Here we compare both in the framework of the Asakura-Oosawa
colloid-ideal polymer mixture. Using computer simulations, we find that although the effective pair interaction
between colloid and polymer differ markedly, correlation functions are in fair agreement.
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Choosing optimal coordinates is often the first step
solve a physical problem. Optimal coordinates are such
they exploit the simplifying physical properties, e.g., symm
tries, of a system, and help to find the relevant degree
freedom that are responsible for the physical effect un
consideration. As concerns any exact treatment, changing
ordinates is an exact mathematical transformation that
serves all properties of a model. Approximations, howev
usually depend on the variables used. Different results m
be obtained if the same approximation is done in differ
coordinates. Approximations are usually necessary if on
dealing with complex systems. In soft matter systems ther
a hierarchy of relevant variables on different length sca
While basical microscopic degrees of freedom, namely,
positions of the atoms, are responsible for the behavior on
length scales, there exist variables that especially govern
interesting mesoscopic regime. Colloidal particles have
positions of their atoms as basic position coordinates;
obvious choice for the~mesoscopic! degree of freedom o
the colloid is its center of mass. The concept, however
derive effective interactions between mesoscopic obje
from an averaging over the microscopic degrees of freed
extends far beyond colloids and has been applied to sys
like star polymers@1# or linear polymers@2–6#, and mixtures
of colloids and star polymers@7#. The choice of meaningfu
position coordinates for such macromolecular entities is
in all cases as straightforward as it may seem at first gla
In the case of star polymers, the position of the central m
ecule to which the polymeric arms are attached was use
derive an effective interaction@8,9#. In the context of linear
polymer coils, one can think of tagged monomers~segments!
that are visible in a scattering experiment. Both are, in g
eral, different from the position of the center of mass of t
whole object. The question arises: what is the superior v
able? Is it the center of mass or the position of the spe
microscopic object?

In this paper, we study this question in the context of
Asakura-Oosawa ~AO! colloid-ideal polymer mixture
@10,11# that consists of a hard-sphere model for the colloi
and a hard-core exclusion between a colloid and a sphe
polymer coil. The polymers do not interact with themselv
they are assumed to be ideal. Recently the phase diagram
structure@12,13#, and the interface between demixed pha
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@14# were studied. An effective Hamiltonian was derive
@15#, and a density-functional theory@16# was proposed and
entropic wetting investigated@17#.

Here we supplement this model with a simple prescript
for the behavior of a tagged monomer on each polyme
chain: The monomer is allowed to move freely inside t
sphere that represents the polymer. It is, however, not
lowed to leave the sphere, and hence is bound to its ch
@18#. Although both the AO model and the tagged monom
prescription are highly approximative as concerns the r
world, there is one feature that makes the model suitable
the present investigation: The position of the polymer cen
of mass differs strongly from that of the tagged monom
Hence going from one to the other is not a small change,
we expect insight into the question raised above.

We treat thisfull modeltwo ways: First by integrating ou
the positions of the tagged monomers. This leads to the u
AO model with colloid positions and polymer center of ma
position, and constitutes ourreferencesystem. The second
treatment is by integrating out the polymer centers. This
done exactly in the limit of vanishing colloid density an
leads to an effective pair potential between a colloid an
tagged monomer. We neglect all higher-body interactions
tween colloids and tagged monomers, as is usually do
This constitutes theeffective modelwith colloid and mono-
mer position coordinates. The comparison of the refere
model with the effective model is the purpose of this pap
As expected, the effective interactions between tag
monomer and colloid as well as polymer center and coll
are markedly different. Also, a comparison of the appropri
correlation functions shows differences. However, only sm
deviations exist, as we show by simulations. This leads to
conclusion that the choice of coordinates matters if high
curacy is reached for, but not if one aims at the gross ph
cal features of the system.

The model we consider consists ofNc colloids with coor-
dinatesr i

c andNp polymers with centers of massr j
p andNp

tagged monomers~segments! with positionsr j
m in a volume

V0 . The interaction between colloids is

Vcc~r !5H ` if r<2Rc,

0 else.
~1!
©2002 The American Physical Society01-1
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The interaction between a colloid and a polymer center i

Vcp~r !5H ` if r<Rc1Rp,

0 else,
~2!

while a tagged monomer interacts with~its! polymer through

Vmp~r !5H 0 if r<Rp,

` else.
~3!

The total potential energy is given by

Vtotal~r !5(
i , j

Vcc~ ur i
c2r j

cu!1(
i , j

Vcp~ ur i
c2r j

pu!

1(
i

Vmp~ ur i
p2r i

mu!. ~4!

Note that the last summation only includes contributio
from pairs of polymer centers and tagged monomers w
equal indices. This ensures that each tagged monomeri is
uniquely bound to its polymeri. See Fig. 1 for a sketch of th
model. As thermodynamical variables, we use the pack
fractions of colloids,hc54pNc(Rc)3/(3V0), and of poly-
mershp54pNp(Rp)3/(3V0), and the size ratioq5Rp/Rc.
The diameters are denoted bysc52Rc andsp52Rp.

To derive effective interactions, we keep the hard-c
colloid-colloid interaction, and integrate out either the tagg
monomers or the polymer centers. Effective binary mod
result that differ in the cross interaction between unlike s
cies. In both cases, the polymeric degrees of freedom rem
ideal. The first case, integrating out the monomer positi
r i

m , is especially simple, as each monomer is homogeneo
distributed inside its polymeric sphere. Note that no over
between colloid and monomer can occur due toVcp and
Vmp. We end up with a model containingr i

p and r j
c . The

‘‘effective’’ interaction between a polymer center and a c
loid is the same as the pure interactionVcp(r ). In the second
case, we intend to derive an effective interactionVeff

cm be-
tween a tagged monomer and a colloid. This is done in
limit hc→0, so that no colloid-colloid interactions need to
taken into account. Due to the ideality of the polymeric d
grees of freedom, whether center or monomer, ofdifferent
chains, only a single polymer needs to be considered. N
rally a pair potentialVeff

cm(r) arises. It is given by

FIG. 1. Sketch of the Asakura-Oosawa model. Gray spheres
colloids with radii Rc and positionsr i

c , dashed spheres are ide
polymers with radiiRp and centers of massr j

p , dots are tagged
monomers with positionsr j

m .
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Veff
cm~r !52kBT ln J, ~5!

J5E d3x expF2
Vmp~ ur2xu!1Vcp~x!

kBT G , ~6!

wherer 5ur u. The integration variablex is the polymer cen-
ter of mass,r is the position of the tagged monomer, and t
colloid sits at the origin. For small distancesr ,Rc, all con-
figurations are forbidden due to overlap of the colloid a
the polymer,Vcp5`, henceJ50. For large distances,r
.Rc12Rp no overlap with the colloid occurs and we obta
J54p(Rp)3/3. The contribution forRc<r<Rc12Rp is
given by the overlap volume of two spheres with radiiRc

1Rp andRp, which is

I ~r !5
p

12r
~Rc12Rp2r !2@r 223~Rc!212r ~Rc12Rp!#,

~7!

and J54p(Rp)3/32I (r ) is obtained. In summary, the ef
fective interaction potential is

Veff
cm~r !5H ` if r<Rc,

2 lnF12
3I ~r !

4p~Rp!3G if Rc<r<Rc12Rp,

0 else,
~8!

where we have shifted the potential by an irrelevant cons
of ln@4p(Rp)3/3#, so that it is vanishes for large separation
This has no effect on observable quantities. In Fig. 2
compare both cross potentialsVcp andVeff

cm as a function ofr.
Both differ considerably.

The full model has three components: colloids, polym
centers, and tagged monomers; hence one can investiga
different pair correlation functionsgi j (r ). Both the effective
as well as the reference model have two components
which only the colloid-colloid pair distribution function
gcc(r ) can be compared directly. The other two involve po
meric degrees of freedom, whether the polymer center or
tagged monomer, and cannot be compared directly. Howe

re

FIG. 2. Comparison of two cross potentialsVcp(r ) ~reference!
and Veff

cm(r) ~effective! for size ratioq51. The arrow denotes the
hard core ofVeff

cm(r).
1-2
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we can comparegself
mp

* gcp with gmc, andgself
mp

* gpp* gself
mp with

gmm, where the star denotes convolution. This is equival
to multiplying the corresponding structure factors in Four
space, where the Fourier transform ofgself

mp plays the role of
the polymer form factor. In order to obtain the pair distrib
tion functions, we have carried out Monte Carlo~MC! com-
puter simulations with 512 particles and 106 Monte Carlo
moves per particle. To obtain the correlation functions
volving monomers for the reference system, instead of
culating the convolutions explicitly, a simulation of the fu
model was done. MC moves for the monomers are part
larly simple. Any random vectorr i

m within a sphere with
radiusRp aroundr i

p is a valid monomer position.
As an illustration, we first show pair-correlation function

for the full model in Fig. 3 for equal sizes,q51, and equal
densities, hc5hp50.12. Both, gcc(r ) and gcp(r ) show
hard-sphere-like behavior. They vanish inside the corer
,sc andr ,Rc1Rp, respectively, and have oscillations ou
side. The behavior ofgpp(r ) is different; polymers tend to
form clusters, as can be seen from the rise for small sep
tions. Also plotted isgself

mp(r ), which is unity forr ,Rp, and
zero outside. The inset shows the phase diagram from
volume theory@19# for q51. We pick three statepoints in th
mixed phase, at equal total densityhc1hp50.24. Statepoint
~c! has higher colloid density, and statepoint~b! has lower
colloid density compared to~a!, see Table I. In Fig. 4 we
compare results from the effective model to those from
reference model. See Fig. 4 for results at statepoint~a!. The
results for the reference model are obtained by appropr

FIG. 3. Full model. Pair-distribution functionsgi j (r ) for pairs of
colloids ~cc!, polymer centers~pp!, colloids and polymer center
~cp!, and monomers and polymer centers~mp, self-part! for q51,
hc5hp50.12 @statepoint~a!#. The inset shows the phase diagra
from free volume theory@19# with a critical point~dot!, and three
statepoints@~a!, ~b!, ~c!, see Table I# marked.

TABLE I. Summary of statepoints where pair distribution fun
tions are considered.

Statepoint hc hp

~a! 0.12 0.12
~b! 0.06 0.18
~c! 0.18 0.06
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mp . This implies thatgcc is identical to

Fig. 3. A single convolution turns the jump ingcp to the
gradual decrease to zero ofgmp. Via two convolutions the
cusp atr 50 of gpp becomes flat ingmm. The corresponding
results for the effective model are close to those for the
erence model, except for slightly less structured behav
Increasing the polymer concentration@statepoint~b!# reduces
the overall structure and reduces the differences between
sults for the effective and reference model. As expected, a
the limit hc→0, the effective model becomes exact by co

FIG. 4. Comparison of an effective and reference model. P
distribution functionsgi j (r ) for pairs of colloids~cc!, tagged mono-
mers ~mm!, as well as colloids and monomers~cm! for q51 at
statepointshc5hp50.12 ~a!; hp50.18, hc50.06 ~b!; and hp

50.06,hc50.18 ~c!.
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struction. If we increasehc @statepoint~c!#, stronger devia-
tions occur. The strong clustering ofgmm is especially under-
estimated by the effective model. The colloid-collo
structure, however, is affected only a little.

Coming back to the question, whether effective inter
tions depend on the choice of coordinates, the answer is
tainly yes. However, the more relevant question is: to w
extent does the choice of coordinates affect the struct
properties calculated from the effective interactions? Th
the answer is only a little. A few cautionary remarks are
ys

J

.

-
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order. First, it is unclear whether the robustness of corre
tion functions is also present in more realistic models th
the highly simplified AO colloid-ideal polymer mixture. In
particular, long-ranged forces could lead to different beh
ior. Second, the present paper covers only bulk fluid sta
In crystals or inhomogeneities caused by external influen
the situation may also be different.

The author thanks J. Dzubiella, A. Jusufi, C. N. Likos,
von Ferber, and H. Lo¨wen for stimulating discussions.
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