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(Dated: 23 September 2025)

We formulate gauge invariance for the equilibrium statistical mechanics of classical multi-
component systems. Species-resolved phase space shifting constitutes a gauge transformation which
we analyze using Noether’s theorem and shifting differential operators that encapsulate the gauge
invariance. The approach yields exact equilibrium sum rules for general mixtures. Species-resolved
gauge correlation functions for the force-force and force-gradient pair correlation structure emerge
on the two-body level. Exact 3g-sum rules relate these correlation functions to the spatial Hessian of
the partial pair distribution functions. General observables are associated with hyperforce densities
that measure the covariance of the given observable with the interparticle, external, and diffusive
partial force density observables. Exact hyperforce and Lie algebra sum rules interrelate these cor-
relation functions with each other. The practical accessibility of the framework is demonstrated
for binary Lennard-Jones mixtures using both adaptive Brownian dynamics and grand canonical
Monte Carlo simulations. Specifically, we investigate the force-force pair correlation structure of the
Kob-Andersen bulk liquid and we show results for representative hyperforce correlation functions in
Wilding et al.’s symmetrical mixture confined between two asymmetric planar parallel walls.

I. INTRODUCTION

Soft matter consists naturally of several different mi-
croscopic components [1, 2], with ions in electrolytes [3–
10] and differently-sized colloids in glass forming mix-
tures being prominent examples for the diverse range
of systems that display a wide variety of physical ef-
fects. Targeting specific phenomena often requires be-
spoke treatment. In particular the glass formation phe-
nomenon has been studied on the basis of a plethora of
order parameters, including the use of machine learning
[11, 12] and analyzing structural motifs [13]. A common
observation in this realm is the similarity of the liquid and
glass states when analyzed on the pair correlation level,
as expressed succinctly by the authors of Ref. [14] who
note that “structural changes appear to be minor when
looking at two-point measures like the structure factor,
[while] higher-order measures reveal a richer behavior”.
A comparison of results for pair distribution functions of
different microscopic glass forming models is presented in
Ref. [12]. Going beyond the pair distribution function,
and its species-labelled generalization to partial pair dis-
tribution functions that characterize mixtures, is often
useful.

Noether’s theorem [15, 16] was applied in a variety of
different settings in statistical physics [17–23]. The theo-
rem provides the basis for the recent thermal invariance
theory [24–36]. This approach is based on a rigorous in-
variance of equilibrium averages and of thermodynamic
potentials against specific shifting and rotation opera-
tions, as described below in detail. Force and torque
correlation functions emerge systematically within the
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framework and these are interrelated by exact statisti-
cal mechanical identities (“sum rules”). The sum rules
take on the role that conservation laws play in conven-
tional uses of the Noether theorem, where typically the
invariances within a dynamical description are analysed.

The statistical mechanical gauge invariance gives rise
to force-force and force-gradient two-body correlation
functions that reveal much insight into the bulk struc-
ture of liquids and more general soft matter systems
[29, 30]. Thereby the spatially resolved force-force cor-
relation function is crucial and distinct from the tem-
poral force autocorrelation function of tagged particle
motion [37], see e.g. Ref. [38] for a study of the ef-
fects of shear. Here the force-force correlation function
rather measures the covariance of the forces that act on
each particle in an interacting pair. Similarly, the force-
gradient correlation function represents the mean gradi-
ent of the force that acts on one of the particles upon
displacing the second particle. The quantitative analysis
of these gauge correlation functions allows one to trace a
broad range of microscopic structuring effects, from clear
signatures of interparticle attraction to chain formation
in gels and orientational order in liquid crystals [29, 30].

The theoretical structure emerges from an inherent
gauge invariance of statistical mechanics against phase
space shifting [32–34]. Popular accounts have been
given [35, 36] and a dynamical generalization was pre-
sented very recently [34]. Statistical mechanical sum
rules were shown to play an important practical role
in assessing the quality of neural functionals obtained
with simulation-based supervised machine learning [39–
50]. That the machine-learning approach entails signif-
icant potential for carrying out efficient computational
work was demonstrated in the study of charged systems
[6–10] on the basis of classical density functional the-
ory [51].
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Here we present the generalization of the gauge cor-
relation framework [24–34] to multi-component systems
in thermal equilibrium. The emerging species-resolved
forms of the sum rules possess similar mathematical form
as in the analogous one-component case. The species-
resolved sum rules carry species labels in a systematic
way. The relative simplicity is important for the practi-
cal applications in both theoretical and simulation work.
As a representative model, we consider the iconic bi-
nary Lennard-Jones fluid [2], which is a popular start-
ing point for investigating complex (fluid) bulk phase
behaviour and associated interfacial wetting phenomena
[52–61]. A particular symmetrical parameterization in-
vestigated by Wilding et al. [55–61] provides a simple
case that features only a single common lengthscale. Fur-
thermore we consider the popular Kob-Andersen model
[62, 63] as a prototypical asymmetrical binary mixture.
Recent work was addressed at its phase diagram [64] and
locally favoured structures [65], devitrification processes
[66], a crystallization instability [67], many-body corre-
lations [68], ultrastability [69], and aging [70].

The paper is organized as follows. In Sec. II we present
the species-resolved gauge theory, including the descrip-
tion of the microscopic model Hamiltonian (Sec. II A),
the thermal ensemble (Sec. II B), the sum rules that
emerge from invariance against species-resolved phase
space shifting (Sec. II C), and the gauge invariance for
statistical mechanical microstates (Sec. II D). In Sec. III
we describe the sum rules for the force-force and force
gradient correlation functions in general inhomogeneous
situations (Sec. III A), the reduction to species-resolved
‘3g-sum rules’ for bulk states (Sec. III B), and exact
global and local identities (Sec. III C). We present the
hyperforce correlation theory for mixtures in Sec. IV, in-
cluding the general locally-resolved framework for gen-
eral observables (Sec. IV A), the associated global sum
rules (Sec. IV B), and the application to several specific
choices both within the locally-resolved (Sec. IV C) and
the global (Sec. IV D) cases. In Sec. V we present our sim-
ulation results for the bulk force-force correlation struc-
ture of the Kob-Andersen liquid (Sec. V A) and for the
confined symmetric Lennard-Jones system (Sec. V B). In
Sec. VI we present our conclusions and give an outlook
on possible future work.

II. SHIFTING GAUGE TRANSFORMATION

A. Microscopic multi-component model

We consider systems with M distinct species of par-
ticles. Each species α = 1, . . . ,M consists of Nα par-
ticles that possess identical properties. To implement
the book-keeping of the different components, we group
all particle indices i that constitute the species α to-
gether into an index set Nα. Summing over all particles
of species α can then be written succinctly as

∑
i∈Nα

.
Further summation over all species is expressed as the

sum
∑

α, where the summation index α runs over all
species 1, . . . ,M . An example for this mechanism is the
total number of particles N =

∑
α Nα. As a special (and

admittedly extreme) case, this labelling allows one to ad-
dress all particles individually, via setting M = N and
Nα = 1 for all α. Each index set then contains a single
element, Nα = {α}, and the sum over particles of this
species collapses to the single contribution α = i, hence
effectively rendering α the particle index.

The microscopic model in d spatial dimensions is
described on the basis of its position coordinates
r1, . . . , rN ≡ rN and the linear momenta p1, . . . ,pN ≡
pN . The Hamiltonian H contains kinetic, interparticle,
and external energy contributions according to the fol-
lowing standard form:

H =
∑

α

∑

i∈Nα

p2
i

2mα
+ u(rN ) +

∑

α

∑

i∈Nα

V
(α)
ext (ri), (1)

where mα denotes the mass of particles of species α,
u(rN ) is the interparticle interaction potential, and the

one-body external potential V
(α)
ext (r) acts on species α at

position r. That different particles of the same species
behave in the same way is encoded in the permuta-
tion symmetry of the interparticle interaction poten-
tial u(rN ) such that the value of u(rN ) remains un-
changed upon interchanging the positions of two par-
ticles of the same species. A common form of u(rN )
is generated by pair potentials ϕαα′(r) that act be-
tween two particles of species α and α′ that are sep-
arated by a center-center distance r. The total in-
terparticle potential can then be written explicitly as
u(rN ) =

∑
α

∑
α′

∑
i∈Nα

∑′
j∈Nα′ ϕαα′(|ri−rj |)/2, where

the primed sum indicates that the case i = j has been
omitted, the factor 1/2 corrects for double counting, the
species-swap symmetry ϕαα′(r) = ϕα′α(r) is implied, and
the sums over particle indices α and α′ each run over all
species 1, . . . ,M .

B. Equilibrium ensemble and one-body observables

The statistical mechanics of the mixture is formulated
in the standard way and we work specifically in the grand
ensemble. Formally analogous derivations in the canon-
ical ensemble yield, for fixed number of particles, sum
rules that are identical in form to the grand canonical
versions. We exemplify explicitly below in Sec. V the
validity both with adaptive Brownian dynamics, as rep-
resenting the canonical ensemle, as well as with grand
canonical Monte Carlo simulations, as representing the
coupling to a particle bath.

At temperature T and species-resolved chemical po-
tentials µ1, . . . , µM the grand potential Ω and the grand
partition sum Ξ are given respectively by

Ω = −kBT ln Ξ, (2)

Ξ = Tr e−β(H−∑
α µαNα), (3)
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where kB denotes the Boltzmann constant
and β = 1/(kBT ). The classical trace op-
eration in the grand ensemble is given by
Tr · =

∑
N1

. . .
∑

NM
(N1! . . . NM !hdN )−1

∫
drN

∫
dpN ·,

where the sums over particle numbers N1, . . . , NM each
range from 0 to ∞, the symbol h indicates the Planck
constant, and the phase space integral is abbreviated
as

∫
drN

∫
dpN · =

∫
dr1 . . . drN

∫
dp1 . . . dpN · . The

corresponding grand ensemble probability distribution
(Gibbs measure) is

Ψ = e−β(H−∑
α µαNα)/Ξ, (4)

where the normalization factor Ξ is the grand partition
sum (3) and thermal averages can then be written in the
compact form ⟨·⟩ = Tr · Ψ.

We give a summary of several relevant averages that
characterize the mixture. The partial density profile
ρα(r) of species α is the average of the correspond-
ing one-body density “operator” (phase space function),
ρα(r) = ⟨ρ̂α(r)⟩, where the microscopic density observ-
able of species α is given as ρ̂α(r) =

∑
i∈Nα

δ(r−ri), with

δ(·) denoting the Dirac distribution. Correspondingly,
the mean interparticle force density that acts on species

α is F
(α)
int (r) = ⟨F̂(α)

int (r)⟩, where the species-resolved in-
terparticle force density observable is defined as

F̂
(α)
int (r) = −

∑

i∈Nα

δ(r− ri)∇iu(rN ), (5)

where ∇i denotes the derivative with respect to ri.
Similarly, the species-resolved average kinetic stress is
τα(r) = ⟨τ̂α(r)⟩, with the kinetic stress observable being
defined as

τ̂α(r) = −
∑

i∈Nα

δ(r− ri)
pipi

mα
, (6)

where pipi indicates the dyadic product of the momen-
tum of particle i with itself. These observables can
be combined into a species-resolved total force operator
(phase space function), given as

F̂α(r) = ∇ · τ̂α(r) + F̂
(α)
U (r), (7)

where ∇ denotes the derivative with respect to r, and
the potential force density observable for species α is

F̂
(α)
U (r) = F̂

(α)
int (r) − ρ̂α(r)∇V

(α)
ext (r). The averaged to-

tal force density acting on species α then follows as the
average Fα(r) = ⟨F̂α(r)⟩. The species-resolved potential-

only force density is F
(α)
U (r) = ⟨F̂(α)

U (r)⟩.

C. Species-resolved phase space shifting

In order to identify the thermal invariance of the mix-
ture, we introduce shifting fields that are unique for each
component α of the mixture, in generalization of the local

shifting transformation for pure systems [27–33]. Specif-
ically, the species-resolved transformations are:

ri → ri + ϵα(ri), (8)

pi → [1 + ∇iϵα(ri)]
−1 · pi, (9)

where particle i is of type α such that i ∈ Nα and ϵα(r)
is the d-dimensional vector field that displaces particles
of component α. In Eq. (9) the symbol 1 denotes the
d × d-unit matrix, ∇i is the derivative with respect to
ri, and matrix inversion is indicated by the superscript
−1. The transformations (8) and (9) retain the canonical
properties of the one-component version [27–30], as the
latter already acts merely individually on the position
and the momentum of each particle i.

The generalized transformation (8) and (9) allows one
to address the individual species separately. The strategy
of the subsequent argumentation carries over straightfor-
wardly from the one-component case [27–30], as we lay
out in the following. The invariance of the grand poten-
tial implies Ω[{ϵα′}] = Ω, where on the right hand side
Ω with no argument is, as before, the grand potential (2)
expressed in the original phase space variables. On the
left hand side {ϵα′} indicates the set of all displacement
fields {ϵ1(r), . . . , ϵM (r)}, which are used to transform the
phase space variables.

We consider invariance at first order in the dis-
placement fields and follow the arguments for the one-
component case [27–30], which allow one to conclude
that δΩ[{ϵα′}]/δϵα(r) = 0. Explicitly carrying out the
functional derivative gives the following exact species-
resolved force density balance:

−kBT∇ρα(r) + F
(α)
int (r) − ρα(r)∇V

(α)
ext (r) = 0. (10)

The derivation of Eq. (10) rests on the following operator
identity, which is obtained from expressing the Hamil-
tonian (1) in the new coordinates such that it carries
an apparent functional dependence on the set of shifting
fields,

−δH[{ϵα′}]

δϵα(r)

∣∣∣
{ϵα′=0}

= F̂α(r). (11)

The right hand side of Eq. (11) consists of the kinetic,
interparticle, and external force densities described in
Sec. II B. The thermal average of F̂α(r) is generated via
applying the functional derivative to the grand poten-
tial Ω, see its definition (2). These steps lead to Eq. (10),
which can be written in more compact form as

Fα(r) = 0. (12)

For details about specific steps we refer the Reader to
the description of the one-component case in Ref. [30].

D. Statistical mechanical gauge invariance

For the case of one-component systems, M = 1, the
phase space variable transformation (8) and (9) was
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shown to constitute a gauge transformation of the sta-
tistical mechanical microstates [32, 33]. Even though the
microstates are transformed, any equilibrium average re-
mains invariant under the transformation. In particular
the phase space shifting is shown to be closely associated
with a specific differential operator structure on phase
space. These “shifting differential operators” apply to
general phase space functions and they perform a role
analogous to that of the explicit coordinate transforma-
tion (8) and (9). Here we generalize the statistical me-
chanical gauge invariance concept to mixtures and thus
define the following species- and position-resolved phase
space differential operators:

σα(r) =
∑

i∈Nα

[δ(r− ri)∇i + pi∇δ(r− ri) · ∇pi
], (13)

where ∇pi
denotes the derivative with respect to pi and

pi∇ is a dyadic product [32, 33]. The crucial difference
to the one-component version σ(r) [32, 33] is the mere
restriction of particle summation from a sum over all par-
ticles to

∑
i∈Nα

in Eq. (13).

The operators (13) are anti-self-adjoint on phase space
and they satisfy nontrivial commutator structure, as re-
spectively expressed by

σ†
α(r) = −σα(r), (14)

[σα(r),σα′(r′)] = δαα′σα(r′)[∇δ(r− r′)]

+ δαα′ [∇δ(r− r′)]σα(r), (15)

where δαα′ denotes the Kronecker symbol and the dagger
indicates the adjoint, which for an operator O and two
general phase space functions Â(rN ,pN ) and B̂(rN ,pN )

is defined in the standard way via
∫
drNdpN ÂOB̂ =∫

drNdpN B̂O†Â.
The localized shifting operators (13) can be combined

together with their respective shifting fields ϵα(r), which
play the role of gauge functions, to define integrated shift-
ing operators

Σ[{ϵα}] =
∑

α

∫
drϵα(r) · σα(r), (16)

where on the left hand side the bracketed argument in-
dicates the functional dependence on the set of shifting
fields {ϵ1(r), . . . , ϵM (r)}. A given phase space function

Â(rN ,pN ) is then affected by the transformation to low-
est order in the shifting fields and their spatial gradients
as

Â(r̃N , p̃N ) = Â(rN ,pN ) + Σ[{ϵα}]Â(rN ,pN ), (17)

where the tilde indicates the new phase space vari-
ables (8) and (9). The operators Σ[{ϵα}] satisfy non-
trivial Lie algebra structure, such that the commuta-
tor is [Σ[{ϵα}],Σ[{ϵ′α}]] = Σ[{ϵ′′α(r)}], where the differ-
ence shifting field is given by ϵ′′α(r) = ϵα(r) · [∇ϵ′α(r)] −
ϵ′α(r) · [∇ϵα(r)]. Hence the integrated shifting operators

Σ[{ϵα}] continue to satisfy the Lie algebra structure de-
scribed in Ref. [32], including the Jacobi identity.

Applying the localized shifting operators (13) to a

given phase space function Â(rN ,pN ) is identical to car-
rying out the following functional differentiation opera-
tions at first order:

σα(r)Â =
δÂ(r̃N , p̃N )

δϵα(r)

∣∣∣
{ϵα=0}

, (18)

and at second order:

σα(r)σα′(r′)Â =
δ2Â(r̃N , p̃N )

δϵα(r)δϵα′(r′)

∣∣∣
{ϵα=0}

+ δαα′ [∇δ(r− r′)]σα(r)Â(rN ,pN ).
(19)

The (phase space) arguments of Â(rN ,pN ) are sup-
pressed on the above left hand sides for brevity. As indi-
cated in the notation on the right hand sides, all partial
shifting fields ϵα(r) are set to zero after the functional
derivatives have been taken.

When applied to a specific observable Â the species-

resolved hyperforce density is Ŝ
(α)
A (r) = σα(r)Â, see

Eqs. (13) and (18). Explicitly the resulting phase space
form of the species-resolved hyperforce density is

Ŝ
(α)
A (r) =

∑

i∈Nα

[
δ(r− ri)∇iÂ + pi∇δ(r− ri) · ∇pi

Â
]
.

(20)

From the commutator relationship (15) the following
Lie sum rules are obtained upon phase space averaging:

⟨Ŝ(α)
A (r)βF̂α′(r′)⟩ − ⟨βF̂α(r)Ŝ

(α′)
A (r′)⟩

= δαα′
{
S
(α)
A (r′)[∇δ(r− r′)] + [∇δ(r− r′)]S(α)

A (r)
}
.

(21)

As a special case, when the right hand side of (21)
vanishes, we have:

⟨Ŝ(α)
A (r)F̂α′(r′)⟩ − ⟨F̂α(r)Ŝ

(α′)
A (r′)⟩ = 0, (22)

which holds true provided that α ̸= α′ or r ̸= r′.
We next describe several concrete consequences of the

gauge invariance for the correlation structure of soft mat-
ter mixtures.

III. FORCE CORRELATION FUNCTIONS

A. Inhomogeneous partial pair force correlations

Addressing second-order phase space shifting, we con-
sider the functional Hessian with respect to the shift-
ing fields, i.e. the species-resolved second derivatives
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δ2Ω[{ϵα′′}]/δϵα(r)δϵα′(r′) = 0. One finds upon carry-
ing out the explicit calculation on the basis of Eq. (11)
the following result:

β⟨F̂α(r)F̂α′(r′)⟩ =
〈 δ2H[{ϵα′′}]

δϵα(r)δϵα′(r′)

〉∣∣∣
{ϵα′′=0}

, (23)

where again the shifting fields are set to zero after
the functional derivatives of the Hamiltonian have been
taken. We recall that F̂α(r) indicates the species- and
position-resolved total force density observable (7), which
includes the potential forces and the divergence of the
kinetic stress contribution. The sum rule (23) general-
izes the corresponding one-component identity [29, 30].
It is useful to split off the potential forces in the sum
rule (23) and to furthermore also discriminate between
self and distinct cases according to whether the same or
two different particles contribute to the occurring double
sums. In the derivation one can make use of Eq. (19), set-

ting Â = H therein, and we refer to Ref. [30] for further
details on the corresponding reasoning.

The resulting position-dependent two-body distinct
sum rule has the following species-resolved form:

〈
βF̂

(α)
U (r)βF̂

(α′)
U (r′)

〉
dist

= ∇∇′ρ(αα
′)

2 (r, r′)

+
〈 ∑

i∈Nα

∑′

j∈Nα′

δ(r− ri)δ(r′ − rj)∇i∇jβu(rN )
〉
,

(24)

where the (distinct) two-body density is defined as

the thermal average ρ
(αα′)
2 (r, r′) = ⟨ρ̂α(r)ρ̂α′(r′)⟩dist =

⟨∑i∈Nα

∑′
j∈Nα′ δ(r − ri)δ(r′ − rj)⟩. We recall that the

primed sum indicates the restriction j ̸= i, which only
plays a role for the case of identical species, α = α′. The
distinct average on the left hand side of Eq. (24) cor-
respondingly excludes the case i = j in the occurring
double sums over particles when writing out the two po-
tential force operators.

The corresponding self part of the sum rule follows
from considering double occurrences of the same particle
in Eq. (23), which leads to the following exact identity:

〈
βF̂

(α)
U (r)βF̂

(α)
U (r)

〉
self

= ∇∇ρα(r)

+
〈 ∑

i∈Nα

δ(r− ri)∇i∇iβu(rN )
〉

+ ρα(r)∇∇βV
(α)
ext (r).

(25)

The self part on the left hand side of Eq. (25) involves
only the case of the same particle occurring twice in the
double sum, such that this term constitutes the following
dyadic product ⟨β2

∑
i∈Nα

δ(r − ri)[∇iÛ ][∇iÛ ]⟩, where

−∇iÛ(rN ) = −∇i[u(rN )+V
(α)
ext (ri)] is the potential force

that acts on particle i.

B. Bulk fluid 3g-sum rule for mixtures

We can simplify the above general two-body framework
by resolving only the dependence on the relative distance
between the two positions r and r′. The standard partial
(species-labelled) pair distribution function is given as

gαα′(r) =
ρ
(αα′)
2 (r, r′)

ρbαρ
b
α′

, (26)

where ρbα indicates the bulk density of species α and the
distance is r = |r − r′|. Analogously, the partial bulk
force-force and force-gradient pair correlation functions
are defined respectively as

g
(αα′)
ff (r) =

β2

ρbαρ
b
α′
⟨F̂(α)

int (r)F̂
(α′)
int (r′)⟩dist, (27)

g
(αα′)
∇f (r) =

− β

ρbαρ
b
α′

〈 ∑

i∈Nα

∑′

j∈Nα′

δ(r− ri)δ(r′ − rj)∇i∇ju(rN )
〉
.

(28)

For a bulk mixture, where V
(α)
ext (r) = 0 for all α, we can

simplify the inhomogeneous force correlation sum rule
Eq. (24) to obtain the following homogeneous form:

∇∇gαα′(r) + g
(αα′)
∇f (r) + g

(αα′)
ff (r) = 0, (29)

which reduces to the one-component 3g-sum rule
∇∇g(r)+g∇f (r)+gff (r) = 0 in the case of single species
[29, 30]. We have generalized the three pair correla-
tion functions via restriction of the sums over all par-
ticles to sums over the appropriate index sets. Further-
more we have replaced the normalization factor ρ2b by
ρbαρ

b
α′ , where the bulk number density of species α is

ρbα = ⟨Nα⟩/V ; we recall that Nα is the number of parti-
cles of species α, and V indicates the system volume.

As in the one-component case [29, 30], the two nontriv-
ial spatial components of the tensorial identity (29) are
parallel (∥) and perpendicular (⊥) to the distance vector
between the two particles and hence

g′′αα′(r) + g
(αα′)
∇f∥ (r) + g

(αα′)
ff∥ (r) = 0, (30)

g′αα′(r)

r
+ g

(αα′)
∇f⊥ (r) + g

(αα′)
ff⊥ (r) = 0, (31)

where Eq. (31) holds for systems with spatial dimension-
ality d ≥ 2. The primed functions in Eqs. (30) and (31)
are derivatives by the argument, such that g′αα′(r) and
g′′αα′(r) are respectively the first and second derivatives of
the partial pair distribution function gαα′(r) with respect
to distance r.

For fluid mixtures where the particles interact solely
via pair potentials ϕαα′(r), we have

g
(αα′)
∇f (r) = gαα′(r)β∇∇ϕαα′(r), (32)
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FIG. 1: Two-body gauge correlation functions of the Kob-Andersen liquid at reduced temperature kBT/ϵ = 1.1 and scaled
partial bulk densities ρb1σ

3 = 0.591 and ρb2σ
3 = 0.253. Results are shown as a function of the scaled interparticle distance

r/σ for species αα′ = 11 (first column), 12 (second column), 22 (third column), and for the agglomerated quantities (fourth
column). Top row: partial pair distribution functions gαα′(r). Second row: the parallel component of the force-gradient

correlation function g
(αα′)
∇f∥ (r) agrees numerically with gαα′(r)βϕ′′

αα′(r), cf. Eq. (32). Third row: the corresponding perpendicular

component g
(αα′)
∇f⊥ (r) agrees numerically with gαα′(r)βϕ′

αα′(r)/r, cf. Eq. (32). Fourth row: the parallel component of the force-

force correlation function g
(αα′)
ff∥ (r) agrees numerically with −g′′αα′(r)− g

(αα′)
∇f∥ (r), as expected from the sum rules (30) (first to

third panel) and (36) (last panel). Bottom row: the corresponding perpendicular component g
(αα′)
ff⊥ (r) agrees numerically with

−g′αα′(r)/r − g
(αα′)
∇f⊥ (r), as expected from sum rules (31) (first to third panels) and (37) (last panel).

where ∇∇ϕαα′(r) possesses one nontrivial parallel com-
ponent, ϕ′′

αα′(r), and two identical perpendicular compo-
nents, ϕ′

αα′(r)/r. As a consequence, for such pairwise
interacting mixtures we can express Eqs. (30) and (31)

in the respective forms:

g′′αα′(r) + gαα′(r)βϕ′′
αα′(r) + g

(αα′)
ff∥ (r) = 0, (33)

g′αα′(r)

r
+ gαα′(r)

βϕ′
αα′(r)

r
+ g

(αα′)
ff⊥ (r) = 0. (34)
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All sum rules reduce to their one-component versions [30]
in the limit of a single component. This also applies when
considering ‘agglomerated’ correlation functions that ig-
nore the species labelling, as we demonstrate in the fol-
lowing.

We introduce species-resolved concentration variables
cα = ρbα/ρ

b where the total bulk density is ρb =∑
α ρbα. Then summing over species yields the follow-

ing ‘colour-blind’ or ’species-agnostic’ versions as lin-
ear combinations of the species-resolved correlation func-
tions. We obtain the agglomerated pair distribution func-
tion g(r) =

∑
α,α′ cαcα′gαα′(r), the force-gradient cor-

relation function g∇f (r) =
∑

α,α′ cαcα′g
(αα′)
∇f (r), which

for pairwise interactions can be written as g
(αα′)
∇f (r) =∑

αα′ cαcα′gαα′(r)∇∇βϕαα(r), and the force-force corre-

lation function gff (r) =
∑

α,α′ cαcα′g
(αα′)
ff (r). Then the

3g-sum rule is obtained in the ‘agglomerated’ version:

∇∇g(r) + g∇f (r) + gff (r) = 0, (35)

which is formally identical to the single-component sum
rule [29, 30]. The two relevant spatial tensor components
are parallel and transversal to the interparticle distance
vector and they satisfy respectively the following sum
rules:

g′′(r) + g∇f∥(r) + gff∥(r) = 0, (36)

g′(r)

r
+ g∇f⊥(r) + gff⊥(r) = 0. (37)

We present results from simulation work in Sec. V to
demonstrate the accessibility of all partial two-body
gauge correlation functions together with tests of the rel-
evant sum rules that these satisfy.

C. Global and local two-body sum rules

We have so far treated position-resolved cases where
the spatial dependence is retained. A global second or-
der sum rule is obtained from either considering spatially
constant displacements ϵα(r) = ϵα = const or alterna-
tively integrating the spatially resolved identity (23) over
both position variables and summing over both species.
The result of both routes of derivation is the same and it
is given by

∑

αα′

∫
drdr′H(αα′)

2 (r, r′)∇V
(α)
ext (r)∇′V (α′)

ext (r′)

= kBT
∑

α

∫
drρα(r)∇∇V

(α)
ext (r).

(38)

Here the correlation function of density fluctuations

[2, 51, 71] has the common form H
(αα′)
2 (r, r′) =

cov(ρ̂α(r), ρ̂α′(r′)), where the covariance of two operators

Â and B̂ is defined in the standard way as cov(Â, B̂) =

⟨ÂB̂⟩ − ⟨Â⟩⟨B̂⟩. Equation (38) is analogous to the cor-
responding one-component identity of Ref. [26], which
itself is recovered for the case of a single species, M =
α = α′ = 1.

A species-resolved version of Eq. (38), which involves
also interparticle contributions, is given by

βcov(F̂
◦(α)
U , F̂

◦(α′)
U ) =

〈 ∑

i∈Nα

∑

j∈Nα′

∇i∇ju(rN )
〉

+ δαα′

∫
drρα(r)∇∇V

(α′)
ext (r),

(39)

where the species-resolved global force operator is

F̂
◦(α)
U =

∫
drF̂

(α)
U (r) = −

∑

i∈Nα

∇iÛ . (40)

Summing over both species labels α and α′ in Eq. (39)
and observing that

∑
α

∑
i∈Nα

∇iu(rN ) = 0 recovers

Eq. (38).
Furthermore the density-force correlation sum rule [30]

for the case of mixtures is

〈
βF̂α(r)ρ̂α′(r′)

〉
= δαα′∇′ρ(α)2,self(r, r

′), (41)

where the self two-body density distribution is de-

fined as ρ
(α)
2,self(r, r

′) = ⟨∑i∈Nα
δ(r − ri)δ(r′ − ri)⟩

and the right hand side of Eq. (41) can alternatively
be written as δαα′ρ(r)∇′δ(r − r′). The derivation of
Eq. (41) can be based on the mixed second order in-

variance 0 = δ2Ω/[δϵα(r)δV
(α′)
ext (r′)] = δρα′(r′)/δϵα(r) =

−δFα(r)/δV
(α′)
ext (r′). Here the two alternative resulting

expressions are obtained from exchanging the order of
the two functional derivatives, re-writing via using that

ρα′(r′) = δΩ/δV
(α′)
ext (r′) and Fα(r) = −δΩ/δϵα(r), and

setting the species-resolved displacement fields to zero.

IV. HYPERFORCE SUM RULES FOR
MIXTURES

A. Local hyperforce sum rules

We consider general observables Â(rN ,pN ) and their

corresponding equilibrium average A = ⟨Â(rN ,pN )⟩.
Following the argumentation of Ref. [31], the value of A
is invariant under the species-resolved shifting transfor-
mation (8) and (9). Hence the functional derivative with
respect to each shifting field vanishes,

δA[{ϵα′}]

δϵα(r)
= 0. (42)

Using the explicit form of the equilibrium average as a
phase space integral, one can re-write Eq. (42) in the
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FIG. 2: Specific hyperforce correlation functions of the symmetrical Lennard-Jones mixture of Wilding et al. [55–61] at scaled
temperature kBT/ϵ = 0.98 in the gas phase at chemical potential µ/ϵ = −3.05 (left column), in the mixed liquid phase at
µ/ϵ = −2.85 (middle column), and in the demixed liquid phase at µ/ϵ = −2.65 (right column). The system is asymmetri-
cally confined between an attractive wall (left) and a purely repulsive wall (right) and it is translationally invariant in the
x and y directions. Top row: the total density profile ρ(r) = ρ1(r) + ρ2(r) is shown as a function of the scaled distance
z/σ across the pore. Middle row: the gradient of the density profile, ∇ρ(r) = ∂ρ(z)/∂z, coincides numerically with the z-

component of ⟨β̂F̂◦
extρ̂(r)⟩, according to Eq. (57), and with the z-component of

∑
α⟨βF

◦(α)
U ρ̂α⟩, according to Eq. (58). Bottom

row: the zz-component of the gradient of the agglomerated local interparticle force density, ∇βFint(r), coincides numeri-

cally with the zz-component of the correlation function ⟨βF̂◦
extF̂int(r)⟩, according to Eq. (60), and with the zz-component of∑

α⟨βF̂
◦(α)
U βF̂

(α)
int (r)⟩ −

∑
α⟨
∑

ij∈Nα
δ(r− ri)∇i∇jβu(r

N )⟩, according to Eq. (61).

following more explicit form:

−β
〈δH[{ϵα′}]

δϵα(r)

∣∣∣
{ϵα′=0}

Â
〉

+
〈δÂ[{ϵα′}]

δϵα(r)

∣∣∣
{ϵα′=0}

〉
= 0,

(43)

where all partial shifting fields {ϵα′(r)} have been set
to zero after the derivative is taken. Making the first
term in Eq. (43) more explicit via its relationship to the
partial force density operator (11) and also calculating
the second term explicitly leads to the following species-

resolved hyperforce sum rule:

〈
βF̂α(r)Â

〉
+
〈 ∑

i∈Nα

δ(r− ri)∇iÂ
〉

+∇ ·
〈 ∑

i∈Nα

δ(r− ri)
∂Â

∂pi
pi

〉
= 0, (44)

where the observable Â(rN ,pN ) can have general phase
space dependence on rN ,pN . Using the definition (20)

of the species-resolved hyperforce observable Ŝ
(α)
A (r), we

can put Eq. (44) into the more compact form

S
(α)
A (r) + ⟨βF̂α(r)Â⟩ = 0, (45)
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where the partial mean hyperforce density is S
(α)
A (r) =

⟨Ŝ(α)
A (r)⟩.
For cases where Â is independent of the degrees of free-

dom of species α, as denoted by Â({ri,pi}i/∈Nα
) the right

hand side of the species-resolved hyperforce density bal-
ance (44) vanishes, which leads to the remarkably simple
result:

〈
βF̂α(r)Â({ri,pi}i/∈Nα

)
〉

= 0. (46)

Hence the total force density that acts on species α
is uncorrelated with all observables that only depend
on the degrees of freedom of the species that are dif-
ferent from α. As the average partial force den-
sity vanishes in equilibrium, Fα(r) = 0 according to
Eq. (12), the relationship (46) implies trivially that also

cov(F̂α(r), Â({ri,pi}i/∈Nα
)) = 0.

In case that the considered observable is independent
of momenta and hence is a function of only the positions,
i.e., Â(rN ), the last, momentum-dependent term on the
left hand side of Eq. (44) vanishes, and we obtain

〈
βF̂α(r)Â(rN )

〉
+
〈 ∑

i∈Nα

δ(r− ri)∇iÂ(rN )
〉

= 0. (47)

Using the standard splitting (7) of the position-
dependent total force operator into interparticle, ex-
ternal, and kinetic contributions allows one to re-write
Eq. (47) in the following more explicit form:

〈
βF̂

(α)
int (r)Â(rN )

〉
−
〈
ρ̂α(r)Â(rN )

〉
∇βV

(α)
ext (r)

−∇
〈
ρ̂α(r)Â(rN )

〉
+
〈 ∑

i∈Nα

δ(r− ri)∇iÂ(rN )
〉

= 0.

(48)

For cases where the observable of interest depends only
on the position variables of an individual species α′, as
denoted by Â({ri}i∈Nα′ ), we can particularize Eq. (47)
further:

〈
βF̂α(r)Â({ri}i∈Nα′ )

〉

+ δαα′

〈 ∑

i∈Nα

δ(r− ri)∇iÂ({ri}i∈Nα′ )
〉

= 0, (49)

such that the second term is only nonvanishing in the
intraspecies case, α = α′.

B. Global hyperforce sum rules

Integrating Eq. (48) over position r and exploiting that
the diffusive terms vanish in systems enclosed by walls
allows one to obtain the following global hyperforce sum
rule:

〈
βF̂

◦(α)
ext Â

〉
+

〈
βF̂

◦(α)
int Â

〉
+
〈 ∑

i∈Nα

∇iÂ
〉

= 0. (50)

Here the global external force operator for species α
is defined as the sum over all external forces that act
on this species, i.e., F̂

◦(α)
ext = −∑

i∈Nα
∇iV

(α)
ext (ri) and

correspondingly for the species-resolved global interpar-

ticle force F̂
◦(α)
int = −∑

i∈Nα
∇iu(rN ). Building the

sum of both contributions allows one to relate to the
species-resolved global potential force operator (40) as

F̂
◦(α)
U = F̂

◦(α)
int +F̂

◦(α)
ext . This allows one to rewrite Eq. (50)

in a more compact form,

〈
βF̂

◦(α)
U Â

〉
+

〈 ∑

i∈Nα

∇iÂ
〉

= 0. (51)

Note that the partial interparticle forces need not van-
ish individually, yet when summed over all species∑

α F̂
◦(α)
int = 0, as follows from Newton’s third law or,

analogously, from the global translational invariance of
the interparticle potential u(rN ) [24].

Summing the identity (50) over all species yields

〈
βF̂◦

extÂ
〉

+
〈∑

i

∇iÂ
〉

= 0, (52)

where we have defined the global external force as F̂◦
ext =∑

α F̂
◦(α)
ext and have exploited that the global interparti-

cle force operator vanishes,
∑

α F̂
◦(α)
int = 0, as described

above. We have simplified the summation over particles
in Eq. (52) according to

∑
i =

∑
α

∑
i∈Nα

, where the
sum on the left hand side runs over all particles in the
system. The form of the sum rule (51) is identical to the
corresponding result for one-component systems [31].

C. Local sum rules for specific observables

We apply the general hyperforce framework described
in Sec. IV B above to several exemplary choices for the
‘hyperobservable’ Â, following the outline of the single-
component treatment in Ref. [31]. As an initial consis-

tency check, the trivial choice Â = 1 leads via Eq. (49)
[or alternatively via the simple Eq. (46)] directly to the
partial force balance relationship (10). Choosing the par-

tial density operator Â = ρ̂α′(r′) =
∑

i∈Nα′ δ(r′−ri) and

applying Eq. (49) yields
〈
βF̂α(r)ρ̂α′(r′)

〉
= δαα′∇′ρ(α)2,self(r, r

′), (53)

which is the density-force correlation sum rule (41). Tak-

ing the interparticle potential energy Â = u(rN ) leads via
Eq. (47) to

〈
βF̂α(r)u(rN )

〉
= F

(α)
int (r). (54)

Furthermore the (scaled) center of mass of all particles

of species α, given by Â =
∑

i∈Nα′ ri, leads via Eq. (49)

to the following identity:

−
〈
βF̂α(r)

∑

i∈Nα′

ri

〉
= δαα′1ρα(r), (55)
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where we recall 1 as the d × d-unit matrix with d indi-
cating the spatial dimensionality.

D. Global sum rules for specific observables

We formulate several global sum rules that arise from
making specific choices of hyperobservables. Our aim
below in Sec. V will be to demonstrate in simulations the
validity of these sum rules and to show the accessibility
of the correlation functions that are involved.

We first address the partial density operator. In the
general sum rule (51) we set Â = ρ̂α′(r) and use the
simplification ⟨∑i∈Nα

∇iρ̂α′(r)⟩ = −δαα′∇ρα(r), where
we recall that no summation over doubles species indices
is implied in our notation. Then one obtains the following
sum rule:

〈
βF̂

◦(α)
U ρ̂α′(r)

〉
− δαα′∇ρα(r) = 0, (56)

which applies to all combinations of α, α′. Summing
Eq. (56) over all pairs of species yields

〈
βF̂◦

extρ̂(r)
〉
−∇ρ(r) = 0, (57)

which is analogous in form to the one-component hyper-
force sum rule for the density operator [31]. The agglom-
erated density operator is obtained by summing over all
species according to ρ̂(r) =

∑
α ρ̂α(r) and we recall F̂◦

ext

as the agglomerated external force.
Specializing Eq. (56) to the case α = α′ and summing

over the remaining species index gives the following al-
ternative form:

〈∑

α

βF̂
◦(α)
U ρ̂α(r)

〉
−∇ρ(r) = 0, (58)

where the first (correlation) term differs from that in
Eq. (57): i) interparticle interactions contribute and ii)
only intraspecies correlations between forces and densi-
ties occur. Equations (57) and (58) are both suitable for
situations where one is interested in the behaviour of the
agglomerated density profile ρ(r) rather than its partial
variants ρα(r), as can be advantageous in situations of
demixing phase separation.

We next consider the species-resolved interparticle

force density operator Â = βF̂
(α′)
int (r), of which we

recall the explicit form βF̂
(α′)
int (r) = −∑

i∈Nα′ δ(r −
ri)∇iβu(rN ). Then specializing the global sum rule (51)
yields

〈
βF̂

◦(α)
U βF̂

(α′)
int (r)

〉
+
〈 ∑

i∈Nα

∇iβF̂
(α′)
int (r)

〉
= 0. (59)

Note that F̂
(α′)
int (r) will in general depend also on fur-

ther species α′ ̸= α, such that the gradient in the second
term in Eq. (59) will in general be nonzero; this situa-
tion is different from the mechanism in Eq. (49) where

Â({ri}i∈Nα′ ) depends solely on the positions of species
α′.

Furthermore we address the thermally scaled agglom-
erated interparticle force density Â = βF̂int(r) =∑

α β̂F
(α)
int (r). Then from Eq. (52) and Newton’s third

law one obtains the following global sum rule:
〈
βF̂◦

extβF̂int(r)
〉
−∇βFint(r) = 0. (60)

One obtains an alternative to Eq. (60) by first special-
izing Eq. (59) to the case of equal species, α = α′, and
then building the sum over the remaining joint species
index. Simplifying the result yields:

∑

α

〈
βF̂

◦(α)
U βF̂

(α)
int (r)

〉

−
∑

α

〈 ∑

ij∈Nα

δ(r− ri)∇i∇jβu(rN )
〉
−∇βFint(r) = 0.

(61)

Hence both sum rules (60) and (61) feature the
thermally-scaled negative gradient of the agglomerated
interparticle force density −∇βFint(r) as the last term
on the left hand sides.

We test the sum rules (57), (58), (60), and (61) in
simulations, as described in the following.

V. SIMULATION RESULTS

To illustrate the gauge correlation theory we apply it
to a concrete system and hence consider the prototyp-
ical binary Lennard-Jones mixture in three spatial di-
mensions. The system is characterized by pair potentials
ϕαα′(r) that act between particles of species α and α′.
The species-labelled Lennard-Jones potential is thereby
given by

ϕαα′(r) = 4ϵαα′

[(σαα′

r

)12

−
(σαα′

r

)6]
, (62)

where r is the separation distance between the two par-
ticles, ϵαα′ are energy parameters, and σαα′ are length-
scales, with the species indices taking on values α, α′ =
1, 2 in a two-component system and implying the sym-
metry ϕ12(r) = ϕ21(r).

A. Bulk force-force correlation structure

We first address the pair gauge correlation structure of
a bulk liquid using the Lennard-Jones parameterization
due to Kob and Andersen [62, 63]. The fundamental
length scale σ and energy scale ϵ are taken to be those
of the first component α = 1, such that σ11 = σ and
ϵ11 = ϵ. The intraspecies interactions amongst particles
of species α = 2 are characterized by a smaller length
scale, σ22 = 0.88σ, and weakened energy scale, ϵ22 =
0.5ϵ. The cross species length scale is reduced, σ12 =
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0.8σ, and the cross interactions are strengthened, ϵ12 =
1.5ϵ, as compared to both intraspecies pair potentials.

We use adaptive Brownian dynamics [72] to sample the
gauge correlation functions of the bulk liquid at ther-
mal equilibrium in the canonical ensemble. We use a
cubic simulation box with lateral size 10σ and total par-
ticle number N = 844. Hence the total bulk density
is ρb = N/V = 0.844σ−3 and the partial bulk densi-
ties are ρb1σ

3 = 0.591 and ρb2σ
3 = 0.253, and we choose

the temperature as kBT/ϵ = 1.1. We truncate all pair
potentials at a cutoff distance rc = 2.5σ and potential
shifts are applied such that each ϕαα′(r) is continuous
at rc. We have used an initial simulation period of tem-
poral length 5τB for equilibration, with Brownian time
scale τB = σ2D0kBT/ϵ, where D0 is the single-particle
diffusion constant. The data is collected over 25 runs,
which amounts to an overall time 4000τB that consists
of ∼ 6.5 · 107 adaptive time steps [72]. The parameters
for the adaptive Brownian dynamics tolerance criterium
are set as 0.1 (relative tolerance) and 0.01 (absolute tol-
erance); see Ref. [72] for details.

In Fig. 1 we display results for the partial pair distri-
bution functions, for the force-gradient correlation func-
tions, and for the force-force correlation functions. The
partial pair distribution functions gαα′(r) display pro-
nounced spatial structuring that is typical of the liq-
uid state, see the first row in Fig. 1. Both g11(r) and
g12(r) possess pronounced first peaks, which are indica-
tive of the formation of nearest neighbour coordination
shells. The subsequent decay for increasing distance r/σ
is damped oscillatory, on the linear scale considered here.
The first peak of g22(r) is less strongly pronounced than
for the 11- and 12-pairs, but the decay towards larger
values of r/σ is also damped oscillatory, as is expected
from the general theory of asymptotic decay of correla-
tions in liquids [3, 73–76], which ascertains common type
of decay for all partial pair distribution functions. The
agglomerated pair distribution function g(r) displays rich
oscillatory structure. This structuring arises from the lin-
ear combination of the underlying partial contributions,
see the fourth panel in the first row of Fig. 1.

Results for the force-gradient correlation function

g
(αα′)
∇f (r) are shown in the second and third row of Fig. 1,

where we display, respectively, the parallel and the per-
pendicular tensor components. Simulation results are
obtained by sampling the force gradients via finite dif-
ferences, which are built by performing virtual particle
displacements [29]. This ‘direct’ method is of universal
applicability to general many-body interparticle interac-
tions, such as the monatomic water model [77] and the
three-body gel former [78–80], both of which are spe-
cial parameter choices of the general Stillinger-Weber
model [81]. The finite difference method also circumvents
the need to implement Hessians of interparticle potentials
explicitly

For the present pairwise-interacting mixture, each par-
tial force-gradient pair correlation function is related
to the corresponding partial pair distribution function

gαα′(r) and the Hessian of the pair potential ∇∇ϕαα′(r),
see Eq. (32) and the dotted lines in the second and third
row of Fig. 1. The identity (32) is verified numerically,
see Fig. 1. The parallel and perpendicular tensor compo-
nents display respectively a strong positive and negative
first peak, as can be expected from the underlying second
and first derivatives of the respective pair potential with
respect to distance. Both tensor components strictly van-
ish beyond the potential truncation distance rc. The per-
pendicular component displays a positive overshoot for
each pair of species. We attribute the effect to the pres-
ence of interparticle attraction, see Ref. [80] for a compar-
ison of results for the one-component Lennard-Jones fluid
and for the purely repulsive (also one-component) Weeks-
Chandler-Andersen fluid, where in the latter model the
effect is absent.

Results for the partial force-force pair correlation func-

tions g
(αα′)
ff (r) are shown in the fourth and fifth row of

Fig. 1. We recall that this correlation function measures
the correlation of the sum of all interparticle forces acting
on each particle of the considered pair. No simplification
arises that would be similar to that for the above force
gradient correlation function g

(αα′)
∇f (r). Performing the

sampling of the force-force gradient correlation function
is straightforward, in particular when using methods that
already provide direct access to forces, as is the case for
the present adaptive Brownian dynamics or, similarly, in
Molecular Dynamics. A description of a suitable choice
of coordinate system that facilitates straightforward ac-
cess to the parallel and perpendicular tensor components
is given in Ref. [29].

The partial force-force correlation functions again dis-
play rich spatial structuring. The parallel component
has a strong first negative peak, as is indicative of anti-
correlated forces on two mutually interacting particles.
Note that the negative sign is indicative of anticorrelation
both for repulsion in the core region and for the longer-
ranged attraction. The perpendicular tensor component
has smaller amplitude and smoother variation with dis-
tance. The two tensor components, see Eqs. (33) and
(34), of the species-resolved 3g-sum rule (29), as well as
the species-agglomerated sum rules, see Eqs. (36) and
(37), are satisfied to excellent accuracy. We hence con-
clude that the gauge correlation framework offers signif-
icant and physically meaningful insight into the spatial
structure of bulk liquid mixtures.

B. Confinement between parallel walls

To consider a second model fluid, we follow Wilding
et al. [55–61], who investigated a symmetrical Lennard-
Jones mixture with a single common lengthscale σ11 =
σ22 = σ12 = σ. The two intraspecies interaction
strengths are identical, ϵ11 = ϵ22 = ϵ, and the cross-
species interaction strength is weakened by comparison,
ϵ12 = 0.7ϵ. The cutoff radius is again chosen as rc = 2.5σ
and no potential shift is applied. We use grand canonical
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Monte Carlo simulations [82–84] to generate equilibrium
data. The system exhibits intricate phase behaviour,
including gas-liquid and liquid-liquid phase coexistence
phenomena, which were recently re-addressed using neu-
ral density functional learning [50].

We demonstrate the applicability of the hyperforce
framework to spatially inhomogeneous systems by con-
sidering confinement in a planar asymmetric slit pore.
The left wall is thereby taken to be of Lennard-Jones 9–3
type [57]: Vext,L(z) = ϵ[(2/15)(σ/z)9 − (σ/z)3], where z
measures the distance from the wall and we recall ϵ as
the common energy scale. The right wall is purely re-
pulsive: Vext,R(z) = 4ϵw[(σ/z)12 − (σ/z)6 + 1/4], where
the wall potential strength is taken to be ϵw = 10ϵ,
and the cutoff is at zc = 21/6σ. The total external
potential is then given by the combination Vext(z) =
Vext,L(z) +Vext,R(Lz − z), with simulation box size Lz in

the z-direction. We choose Lz = 20σ + 21/6σ = 21.122σ
and take the box size in the two lateral directions to
be 5σ. For each of the three statepoints considered we
have carried out 2 · 109 (gas) and 3 · 109 (mixed and
demixed liquid) grand canonical Monte Carlo single par-
ticle moves. Each move consists of either a position dis-
placement with maximal length 0.2σ or particle inser-
tion/deletion attempt, performed with probability 0.1.
We collect data after an equilibration period of 3 · 105

Monte Carlo steps.
Fig. 2 shows our simulation results for the specific hy-

perforce correlation functions laid out in Sec. IV D. These
correlation functions are chosen specifically to facilitate
access both to the gradient of the density profile and to
the gradient of the localized interparticle force density.
We hence consider the sum rules (57) and (58) for the
gradient of the total density profile, and the identities
(60) and (61) for the gradient of the agglomerated inter-
particle force density. We choose three statepoints, as
typical for the gas, the mixed liquid, and the demixed
liquid phase. The comparisons shown in Fig. 2 demon-
strate that in all cases considered, we find the sum rules
to be satisfied.

VI. CONCLUSIONS

In summary, we have explored the consequences of
gauge invariance with respect to species-resolved phase
space shifting in multi-component classical many-body
systems. The gauge transformation constitutes a species-
specific canonical transformation that acts on the fun-
damental position and momentum degrees of freedom.
The transformation is represented by differential oper-
ators that act on general phase space observables and
that feature Lie algebra commutator structure. The ge-
ometric nature of the gauge transformation, see Ref. [33]
for an in-depth description, renders the framework gen-
erally applicable to arbitrary phase space functions Â as
the ‘hyperobservable’ of interest. The hyperobservable
can be a bespoke order parameter that is relevant for

the physics of the system under consideration or, alter-
natively, it can be chosen as a more standard observable,
such as the partial one-body density and force density ob-
servables, as we have considered here in our simulation
work.

We have described the rich formal gauge correlation
structure that emerges in mixtures, where the hyperob-
servable, in analogy to the Hamiltonian itself [43], gen-
erates corresponding spatially-resolved hyperforce den-
sity observables via phase space differentiation. Upon
building the thermal equilibrium average, the mean par-
tial one-body hyperforce density is related, in a formally
exact way, via equilibrium sum rules to the correlation
of the hyperobservable with the spatially localized force
density. We have described in detail several relevant spe-
cial cases of these sum rules that are relevant for mix-
tures, such as, e.g., arising from the absence of the de-
pendence on specific species, which leads to formal sim-
plification.

Turning to the two-body level of the gauge correlation
functions, we have generalized the emerging two-body
force-force and force-gradient correlation framework, as
were formulated originally for pure systems [29, 30], to
multi-component systems. Our corresponding simulation
work for the Kob-Andersen model, in its liquid phase, has
shown that deep insights into the liquid structure can be
gained specifically from the partial force-force and force-
gradient correlation functions. We found all correspond-
ing sum rules to be satisfied numerically. We recall that
their validity hinges on thermal equilibrium. Hence our
present investigation could serve as a platform to shed
new light on the rich topic of the nonequilibrium nature of
glasses that arise from performing a temperature quench
of the liquid. We refer to Ref. [34] for the formulation
of dynamical hypercurrent sum rules that arise from the
dynamical generalization of phase space shifting.

We have demonstrated the applicability of the gauge
correlation framework to spatially inhomogeneous sys-
tems by carrying out simulations for a symmetrical
Lennard-Jones system previously investigated by Wild-
ing et al. [55–61] in the context of bulk phase behaviour
and associated interfacial physics. We have ascertained
that both the gradient of the density profile and the gra-
dient of the one-body force density distribution are acces-
sible via corresponding hyperforce correlation functions,
see Fig. 2 and the description given in Sec. V B.

The fact that the hyperobservable can be of very gen-
eral nature allows one to address concrete applications
in flexible ways. For further specific examples, we refer
to Refs. [42, 43] for investigations of the hyperfluctuation
profile that is associated with a clustering order parame-
ter and to Refs. [85–87] for the local thermal susceptibil-
ity, which arises from addressing the entropy. Choosing
the species-resolved number of particles, Â = Nα, leads
to partial versions of the local compressibility [87–91]. In
future work, it would be interesting to investigate con-
nections to the reduced-variance (force-sampling) [92–95]
and mapped averaging [96–98] schemes. In particular the
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two-body framework of Sec. III B offers potential for such
use; note that Eqs. (33) and (34) can be viewed as dif-
ferential equations for the partial pair distribution func-
tions, provided that (simulation) results for the partial
force-force correlation functions are available.

The present theory can form a supporting role for neu-
ral functional construction [39–50] and the sum rules
have significant potential for serving as diagnostic tools
to assess the self-consistency of numerical predictions.
The hyperforce gauge correlation identities tie in partic-
ularly with the hyperdensity functional framework for the
behaviour of general observables in spatially inhomoge-
neous systems [42, 43], as follows from the fundamental
Mermin-Evans density functional map [51, 99].

Data availability

Simulation data will be openly available at Zenodo [100].
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