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We address the effective nonequilibrium drag force field that emerges from the microscopic inter-
particle interactions in steady states of counterdriven binary fluid mixtures. Using power functional
scaling arguments for adaptive Brownian dynamics computer simulation results, we establish quan-
titatively the crossover between near-equilibrium linear response and far-nonequilibrium square root
asymptotics. An algebraic expression captures both limiting cases and remains applicable in the
crossover regime. Using simulation results as benchmarks, we verify that a local power functional
approximation based on the scaling law reproduces the spatial nonequilibrium structure formation
in inhomogenously driven systems. The crossover scenario transcends dynamical density functional
theory and it sheds light on general nonequilibrium scaling of driven fluids.

The physics of fluid mixtures can be consider-
ably richer than the phenomenology that pure, one-
component systems display [1]. Recently studied collec-
tive phenomena that are specific to multi-component sys-
tems include composition-dependent phase instabilities
[2, 3] and mobility effects in nonequilibrium [4]. When
the two particle species in a binary mixture are driven in
opposite directions, then a range of nonequilibrium struc-
ture formation effects occur, including laning and jam-
ming [5-9]. To find fluid-fluid phase separation in equi-
librium requires typically the presence of interparticle at-
traction, with the physics of liquid-liquid and liquid-gas
phase transitions and their associated interfacial wetting
phenomena being systematically accessible via equilib-
rium density functional theory [10-13]. Binary Lennard-
Jones models [14-16] are prototypical [10-16] and these
were used recently to demonstrate machine learning of
accurate equilibrium density functionals that extrapolate
significantly beyond the physics encountered during the
simulation-based training [17, 18], as also demonstrated
for electrolytes [19, 20].

The effective forces that generate nonequilibrium lan-
ing were analyzed [9] according to power functional the-
ory [21]. This universal approach for general nonequi-
librium dynamics is based on a formally exact one-body
minimization principle. Workable approximations for the
central functional dependencies were constructed analyti-
cally to describe the dependence on the velocity gradient
of the occurring flow patterns [22-24], nonlocal mem-
ory convolution kernels [25-27], and the behaviour un-
der shear [28]. The recent machine learning of neural
nonequilibrium force functionals [29, 30] allows one in
particular to go beyond the limitations of dynamical den-
sity functional theory [31, 32], which is a currently much
used approach, see e.g. Refs. [33-35].

Here we aim to make progress in the description of
nonequilibrium fluids by investigating the specific type
of flows that occur in counterdriven binary mixtures. We
consider both spatially homogeneous and inhomogeneous
systems over a broad range of dilute and dense condi-
tions under weak and strong driving. While we scan

a wide set of parameter choices, we avoid deliberately
those regimes where laning and jamming effects occur
[5-9], and aim for a full quantitative description of the
drag force field that emerges from the interparticle colli-
sions between two counterflowing fluid species. We iden-
tify a well-characterized crossover regime that connects
near-equilibrium linear response with far-nonequilibrium
scaling that we identify under strong driving. The scal-
ing of the drag force as a function of the counterflow
velocity is linear near equilibrium and it has square-root
dependence far in nonequilibrium. The development of
the nonequilibrium scaling theory is based solely on ana-
lyzing systems that are spatially homogeneous, such that
the two partial (i.e. species-resolved) density profiles are
spatially constant. In such situations, dynamical den-
sity functional theory predicts per construction vanish-
ing mean interparticle forces and hence it will not ac-
count for the observations. In contrast power functional
scaling gives accurate quantitative account of the drag
forces and we demonstrate that the approach transcends
the homogeneous driving conditions and describes quan-
titatively spatially inhomogenenous nonequilibrium.

We use overdamped Brownian dynamics [1, 36] to
model the microscopic many-body dynamics of the coun-
terflowing mixture and implement the trajectory-based
stochastic Langevin equations via adaptive Brownian dy-
namics simulations [37]. For overdamped dynamics the
only relevant microscopic degrees of freedom are the po-
sitions ri,...,rxy = rV of the N particles, with r™ be-
ing a shorthand notation for all particle coordinates. To
discriminate between the different species we use index
sets N, that contain all particle indices i that belong to
species @ = 1,2 in the binary mixtures. The system
is driven out of equilibrium by species-resolved exter-
nal force fields féﬁ?(r) that couple individually to each
species a. We are interested in steady states, where
all mean one-body quantities depend on position r and
are independent of time ¢. The reduction from three-
dimensional to planar geometry is specified later.

The interparticle repulsion is modelled by the Weeks-
Chandler-Andersen pair potential, which is a truncated
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and shifted, purely repulsive Lennard-Jones potential
given by ¢(r) = 4e[(a/r)'? —(0/r)%] +¢ for r < 21/%5 and
zero otherwise; € is the energy scale and the lengthscale o
sets the particle size. The particles of the two different
species share the same interaction potential, hence we
consider a ‘painted particle’ model [2, 9], where the in-
terparticle potential is u(r") = i ol —j))/2.
The individual species are solely discriminated by the
strength and the spatial form of the external force fields
£le) (r) that act on the different species o = 1,2. We

ext

use adaptive Brownian dynamics simulations [37] in a
three-dimensional periodic cubic simulation box with lin-
ear size L = 100 and consider partial particle numbers in
the range N, = 30 — 300 for each species o« = 1,2. The
temperature T is set such that kgT/e = 0.5, where kp
denotes Boltzmann’s constant. For each pair of partial
density values considered, we realize 50 different driving
strengths. For each system, after an initial relaxation pe-
riod, steady state properties are sampled for a duration
of 10007, where 7 = o%v/e is the microscopic time scale,
with 7 the common friction constant and D = kgT /v
the associated free diffusion constant.

We base the statistical mechanical description of the
system on the dynamical one-body picture [1, 21]. The
primary observables of interest are the partial density
profile p,(r) and the partial interparticle force density

F® (r). These are respectively defined as [21]:

pa(r) = <§A; (1)), e

Fie () = =( 3 ot —r) V™), (2)

1€EN,

where the angles denote the steady state average, the
sums are over (only) particles indices i € N, to ensure
the correct attribution to species a = 1,2, the symbol
d(-) indicates the Dirac distribution, and V; is the der-
vative with respect to particle position r;. In general,
imposing an external force field generates mean motion,
which is characterized by nonvanishing one-body partial
currents J,(r). For overdamped Brownian systems the
partial current is induced by species-resolved diffusive,
interparticle, and external contributions according to the
force density balance [21]:

a(r) = —kpTVpa(r) + Fio) (r) + pa(0)f (r).  (3)

For steady states the partial currents are divergence free,
as follows from the continuity equation V - J,(r) =
—0pa(r)/0t = 0. The partial velocity profile of species «
is the ratio v, (r) = J4(r)/pa(r). Power functional the-

ory ascertains [21] that Fi(gt)(r, [p1, P2, V1, V2]) is a univer-
sal functional of the partial density and velocity profiles,
as is indicated in the notation by the square brackets.
The dependence on these fields is causal and the univer-

sality refers to the absence of any functional dependence

f&lo/e

FIG. 1. Top panel: Representative simulation snapshot of the
binary mixture under counterdrive. The particles of species 1
(dark red spheres) and of species 2 (light orange spheres)
are driven in opposite directions along the z-axis by species-
dependent external force fields fe(ig (z) and fe(iz (2), which are
first taken to be spatially uniform and are later considered to
be position-dependent on the z-coordinate. The system is on
average homogeneous in the lateral z- and y-directions and
lengths are scaled with the common particle size o. Bottom
panel: Illustration of the range of simulated systems with spa-
tially homogeneous driving, shown across the plane of scaled

force constants fe(it) o/e and féit) o /e with colour-coded partial

densities p10® and peo® (semi-diamond symbols).

on the external force fields fe(iz (r) and fe(fz (r). That this
type of functional dependence holds is a nontrivial re-
sult that is not apparent from Eq. (3) alone. We recall

that power functional theory is the extension of classical



density functional theory [31], which establishes that in
equilibrium, the internal force profile is a universal func-
tional of (only) the densities, Fl(:t) (r, [p1, p2])-

We first follow Geigenfeind et al. [9] to decompose the
species-resolved interparticle force densities (2) into two
separate contributions. Thereby the species-independent
interparticle force field fi,:(r) is defined as the contribu-
tion that acts identically on both species. The counter-
force (“differential force” [9]) density Gint(r) acts on the
relative motion between the two species. This decompo-

sition constitutes a change of variables from Fl(it) (r) and

F? (r) to fint(r) and Giue(r), which is defined by:

int

P (r) = po(0)fine (1) £ Gine (1), @ =1,2,  (4)
where =+ refers to species & = 1, 2. By summing over both
species in Eq. (4) one obtains by construction the total

interparticle force density Fin(r) = Fl(ig (r) + Fl(nzg (r) =
p(r)fin (r), with the total density profile p(r) = p1(r) +
p2(r). The counterforce density Gin(r) follows corre-
spondingly by subtraction (and multiplication by 1/2)

and thus [9]:

fint (I‘) = Fint (I')/P(I')v (5)
Gint(r) = [p2(r)FL) (x) = pr ()P (x)] /p(x).  (6)

In our planar geometrical setup we consider single-
phase systems under the influence of external force fields
féft) (r) = e(ft)(z)ez, where e, is the unit vector in the
z-direction. In the chosen geometry the particles move
with mean velocity v, (z) = vs(2)e,. The counterforce
density acts parallel to the motion, Gin(r) = Gint(2)e.,
and it represents the emerging drag that the particles
of the two oppositely moving species exert onto each
other. The general power functional dependence simpli-
fies to Ging(2; [va, p1, p2]), where the velocity difference
va(z) = va(z) — v1(2) is a measure of the degree of the
counterflow in the system. We first consider cases with
force amplitudes fe(ft)(z) = const, such that also the par-
tial density profiles p,(z) = const. For such homoge-
neous systems, as are illustrated in Fig. 1, it follows that
also Gint(z) = const. As all pertinent quantities are spa-
tially constant in the considered homogeneous case, the
functional dependence simplifies to a parametric depen-
dence: Gint(z; [va, p1,p2]) = G(va, p1,p2)

To make progress, we propose the following ansatz for
the scaling behavior of the uniform drag force density:

G(va, p1, p2) = Ypsvsy/Incosh (va /vs) sgnva, (7)

and we lay out a justification based on asymptotics be-
low. In the ansatz (7) the velocity scale vs(p1,p2) and
the effective density ps(p1,p2) are as-yet unknown func-
tions. These encapsulate the dependence on the partial
densities p; and py and these functions play decisive roles
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FIG. 2. Nonequilibrium scaling of drag forces. a) Drag force
ratio G/(vpsvs) shown as a function of the counterdrive ve-
locity ratio va /vs. Simulation results are obtained over wide
ranges of partial densities and driving strengths, see Fig. 1.
The ‘individual fit’ results (pink data points) collapse onto the
general scaling function (7) (dashed blue curve). Indicated is
the asymptotic behaviour for i) near-equilibrium (dashed or-
ange) and ii) far-nonequilibrium (dashed green), see Eq. (8).
b) Scaled effective density ps/(p1p20°) as a function of the
scaled total density (p1 + p2)o®, obtained from the individual
fits (pink symbols) and for the ‘universal fit’ (thin black line),
where the data points (violet symbols) agree by construction
with Eq. (9). c¢) Same as b) but for the scaled crossover veloc-
ity vs7 /o as a function of \/(p1 + p2)/(p1p20?) and compared
against Eq. (10). d) Same as a) but obtained from the uni-
versal fit. Despite some scatter the correct scaling is retained.

in the behaviour of the scaling relationship (7). The ve-



locity scale vs; determines where the regimes of low- and
high-drive behaviour cross over. The effective particle
density ps governs the overall amplitude of the drag force
density (7). The spatial symmetry is odd, such that re-
versing the flow direction reverses the direction of the
drag force density, G(—va, p1, p2) = —G(va, p1, p2).

The scaling function (7) allows one to match simulta-
neously the behaviour in both the near-equilibrium and
far-nonequilibrium regimes, as we demonstrate in the fol-
lowing. We first address the near-equilibrium behaviour
and thus Taylor expand Eq. (7) in the small parame-
ter z = va/vs. To lowest order this gives vIncoshz =
VIn(1+22/2+0(2t) = /22/2+0(2?) = |o|/V2 +
O(x?). We hence obtain the simple linear-response result
G(va; p1, p2) ~ Ypsva, where the tilde indicates equality
in the scaling regime. We recall that ps(p1,p2) is in-
dependent of va. Thus the near-equilibrium behaviour
is independent of the crossover velocity vs; and bears
no traces of its restricted validity towards the nonlinear
regime.

We address the far-nonequilibrum behaviour by per-
forming an asymptotic expansion of Eq. (7) for z —

+o0, as follows from approximating the hyperbolic
cosine: VIncoshz ~ y/In(el#l/2) = /|z| —In2.

The resulting far-nonequilibrium form of Eq. (7) is
G ~ vpsvsy/|val/vs —In2sgnwva.  For high coun-
terflow, wa/vs — too, the dominant term is
vpsvsy/|val/vs sgnva. Notably the dependence on the
crossover velocity wvg is retained in this limit. This
implies that from studying the far-nonequilibrium be-
haviour only, one can infer its range of validity towards
the near-equilibrium regime. Summarizing the above re-
sults for the low- and high-flow regimes, we have

G(va,p1,p2) _ Jva/vs lval < vs
YPsUs Vival/vs —In2sgnova  vs < |val,
(8)

where we recall the tilde to indicate equality in the re-
spective scaling regime.

We illustrate the different regimes by plotting the ratio
G(va, p1,p2)/(7psvs) in full form (7), together with its
two asymptotically leading expansions (8), as a function
of the scaled velocity difference va /vs in Fig. 2a. The re-
sults from our adapative Brownian dynamics simulations
are obtained under spatially constant driving conditions
over considerable ranges of values of the partial densi-
ties p1 and ps, which vary independently from 0.030 3
to 0.300 3, and with different driving strengths fé::‘t) up
to 6¢/o, as depicted in Fig. 1.

To connect the theory quantitatively with the simula-
tion results we first build subsets of all simulated systems
that share the same pair of bulk density values p; and p».
In each subset we treat the two scaling parameters ps and
v as ‘individual fit’ parameters to describe the counter-
flow behaviour in the subset. The resulting agreement
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of the simulation data with the scaling form (7) is near-
perfect, see Fig. 2a. Similarly good agreement of the
theoretical model and the simulation results, with some
slight increase in scatter that is apparent in Fig. 2d, is
obtained from the following alternative ‘universal fit’.
The universal fit is obtained by observing that the de-
pendence of the scaling parameters ps; and v on the par-
tial densities p; and ps turns out to be relatively simple.
We show in Fig. 2b the behaviour of the scaled crossover
density ps/(p1p20?) as a function of the scaled total den-
sity (p1 + p2)o®. Correspondingly we show in Fig. 2c
the scaled crossover velocity vs7/0 as a function of the
density combination \/(p1 + p2)/(p1p203). In both cases
linear behaviour is found, which can be quantitatively
represented by the following simple ‘universal fit’ forms:

ps(p1, p2) = pipa[l + alp1 + pa)o®lo”®, (9)

Db [p1+p
vs(p1, p2) = 7\/%- (10)

Here ao® constitutes an interaction volume that connects
the partial densities with the effective density ps and b/c
is an inverse interaction length scale that relates the free
diffusion constant (we recall D = kgT'/v) to the crossover
velocity vs. We obtain the parameter values a = 3.14 and
b = 1.07 from a least-squares fit across our entire data set.
The thin black lines in Fig. 2b, ¢ indicate these choices in
Egs. (9) and (10). Despite some outliers and the agree-
ment worsening slightly for very dissimilar partial densi-
ties, the full behaviour of the simulation results is cap-
tured quantitatively by the analytical forms (9) and (10).

We next compare the results of the analytical coun-
terforce model, as given by the scaling form (7)
of G(va,p1,p2) and the parameter dependencies (9)
and (10), against the results of all our simulations. Al-
though the simple expressions (9) and (10) introduce
some deviations from the simulations results, the overall
level of agreement is very satisfactory, see Fig. 2d. We
recall the large parameter space that is explored by the
simulations, as illustrated in Fig. 1. The overall ‘univer-
sal’ model (7), (9) and (10) thus contains merely two em-
pirical parameters a and b and it captures quantitatively
the entirety of our simulation results for homogeneous
conditions near to and far from equilibrium.

We use the validity of this analytical model for con-
ditions of spatially homogeneous drive as an outset to
develop a theory that captures long-ranged spatial varia-
tion in terms of a local power functional approximation.
We address two representative model situations. The
first, ‘co-modulated’ case is colour-blind such that the
constant counterdrive =+ f; is supplemented by a modu-
lated force field that is identical for both species. The
external force fields are fe(;ft)(z) = +fo — fisin(27z/L),
where fj is the offset, f; is an amplitude parameter, and
+ refers to species @ = 1,2. In the second, ‘counter-
modulated’ case the entire external force acts in opposite
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FIG. 3. Inhomogeneous systems with co-modulated (left col-
umn) and counter-modulated driving (right column) along
the z-direction. a) The inhomogeneous external force fields

fl2)(2)o /e for species a = 1 (dark red) and 2 (light orange).
b) The resulting species-resolved nonequilibrium density pro-
files p1(2)0® and p2(z)o® together with the corresponding
equilibrium density profiles (dashed lines) and the local scal-
ing density ps(z)o® (black line). The background shows rep-
resentative simulation snapshots (with horizontal z-direction)
to illustrate the spatial concentration and density variations.
¢) The local velocity difference profile va(z)7/0 (light blue
line), as obtained from simulations, together with the local
scaling velocity v, (z)7/c (dark blue line). d) The relative mo-
tion of the two species is well described by the drag force den-
sity G(z)o*/e obtained from the local power functional (11)
(dark green lines), as confirmed by comparison to simulation
results (light green lines).

directions for both species, which is akin to a symmetric
electrolyte in an electric field. The external force fields
are (O‘)(z) = +fo = fisin(27rz/L). In both cases the

ext
two species are driven against each other by the constant

force +fy. We show representative results for fo = 3¢/c
and f; = le/o.

In the co-modulated system (Fig. 3, left column) the
drag force exhibits weak spatial variation that displays
maxima in the regions of maximal density difference be-
tween the two species. The counter-modulated system
(Fig. 3, right column) displays much stronger modula-
tion of the density contrast, as one might expect from
the setup. The counterflow acts to move the two density
maxima much closer together than they are in equilib-
rium (fo = 0). The spatial region around the two partial
density maxima has a strong peak in the local drag force
density. The shape of the peak is spatially more localized
than the shallow minimum that occurs in the region of
relative density depletion.

We rationalize these simulation results on the basis of
a theoretical model for inhomogeneous counterflow based
on the above scaling forms (7), (9), and (10) that were
identified for homogeneous drive. We use a local power
functional approximation, where we let the scaling pa-
rameters depend on the partial density profiles via local-
ized versions of Eqgs. (9) and (10), such that the local
density scale is ps(z) = ps(p1(2), p2(2)), and the local
crossover velocity is vs(z) = vs(p1(s), p2(s)). This allows
one to express a local approximation of the universal scal-
ing function (7) in the form:

G(2) = G(val2), pi(2), p2(2)). (11)

When compared against simulation results, the local
power functional approximation (11) performs very satis-
factorily, as is shown for the two representative inhomo-
geneous systems in Fig. 3. The scaling model captures
correctly the physics of inhomogeneous conditions via the
power functional dependence of the mean interparticle
force field on the counterflow velocity. Any mere dynam-
ical density functional dependence misses the effect by
construction.

In conclusion we have presented simulation-based ev-
idence for the nonequilibrium scaling of drag forces in
driven mixtures. For the considered steady states our re-
sults confirm the existence of the power functional map
[21, 38, 39] from the partial density and velocity profiles
to the localized one-body force densities via the explicit
functional independence on the external forces. Based on
a systematic force decomposition [9], our work goes be-
yond previous efforts in modelling the functional depen-
dencies. Here we have identified both near-equilibrium
and far-nonequilibrium regimes and elucidated quantita-
tively the intervening crossover behaviour. Future work
could address the possible generality of the proposed
scenario beyond counterflow and consider methods for
first-principles derivations as well as nonequilibrium func-
tional machine learning [29, 30], where binary mixtures
have been addressed successfully in equilibrium [17-20].
It is also interesting to investigate the significance of our
findings in light of currrent research dedicated to the



physics of responsive colloidal particles that can adapt
their interparticle forces through a variety of different in-
fluences and across varying physical situations [40-45].
As our methodology rests firmly on the one-body force
balance equation and functional concepts, it could be
highly rewarding to relate the present findings to hyper-
forces [46, 47] in the context of the recent gauge invari-
ance of statistical mechanics [48-54].

Data availability—The data that support the findings
of this study were generated by numerical simulations.
The source code and parameters used to generate the
simulations is publicly available [55].
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