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Abstract
We test the accuracy of a recently proposed density functional (DF) for a fluid
in contact with a porous matrix. The DF was constructed in the spirit of
Rosenfeld’s fundamental measure concept and was derived for general mixtures
of hard core and ideal particles. The required double average over fluid and
matrix configurations is performed explicitly. As an application we consider
a model mixture where colloids and matrix particles are represented by hard
spheres and polymers by ideal spheres. Integrating over the degrees of freedom
of the polymers leads to a binary colloid–matrix system with effective Asakura–
Oosawa pair potentials, which we treat with an integral-equation theory. We
find that partial pair correlation functions from both theories are in good
agreement with our computer simulation results, and that the theoretical results
for the demixing binodals compare well, provided the polymer-to-colloid size
ratio, and hence the effect of many-body interactions neglected in the effective
model, is not too large. Consistently, we find that hard (ideal) matrix–polymer
interactions induce capillary condensation (evaporation) of the colloidal liquid
phase.

1. Introduction

Considerable effort has been dedicated during the past years to developing theoretical tools that
allow the determination of the structural and thermodynamic properties of a (continuum) fluid
that is in contact with a porous matrix. Such situations are studied using ‘partly quenched’ or
‘quenched–annealed’ (QA) systems. Motivation for these activities can be traced back both to
academic as well as to more practical reasons (for an overview see [1]).

(i) In experimental and theoretical studies it was found that already a minute volume fraction
of matrix material can modify the phase behaviour of the fluid substantially; current
investigations are dedicated to gaining a deeper insight into this phenomenon.
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(ii) Fluids in contact with a porous matrix are of technological interest, with application in
catalysis, gas separation and purification.

From the theoretical point of view one frequently models porous materials by frozen
configurations of model fluids. The main problem in the description of such systems lies in
the double average required for the calculation of thermodynamic and structural properties:
one average is taken over the configurations of the liquid, keeping the matrix particles in fixed
positions; the second average is then taken over different matrix configurations. This problem
was solved successfully for microscopic approaches that are based on integral-equation and
thermodynamic perturbation theories: introducing the replica trick (developed originally for
the theory of spin glasses [2]), Given and Stell proposed a method which indeed could cope
with this problem [3–5]. This approach has become meanwhile a powerful tool on which
many of the present day microscopic approaches in the field are based. The replica trick
exploits a mathematical isomorphism between a partly quenched system and a limiting case
of a corresponding equilibrium (‘replicated’) system which consists of the now mobile matrix
particles and of s non-interacting identical copies of the liquid. The properties of the quenched
system are obtained by considering the limit s → 0 of the properties of the equilibrium
system, which, in turn, can be treated by standard liquid state theories. In the replica method,
the so-called replica Ornstein–Zernike (ROZ) equations are introduced as the counterpart of
the Ornstein–Zernike equations in standard liquid state theory, relating the liquid–liquid, the
liquid–matrix and the matrix–matrix correlation functions. Thermodynamic relations for such
systems that can be used to determine phase diagrams have been presented by Rosinberg, Stell
and co-workers [7, 8].

Another approach that has not been treated yet is to tackle the problem with classical
density functional theory (DFT). In particular during the past two or three decades, DFT
has become a very powerful and attractive tool to study the structural and thermodynamic
properties both of homogeneous and inhomogeneous fluid systems (for an overview see, for
instance, [9]). The widespread use of DFT-based methods is to a considerable amount due to
the fact that several concepts have been proposed for a constructive determination of a density
functional (DF) for a given system. Restricting ourselves in this contribution to (partially
penetrable) hard sphere (HS) particles and their mixtures, fundamental measure theory (FMT)
is undoubtedly at present the approach of choice. The concept of FMT was originally
introduced by Rosenfeld [10] and was alternatively formulated [11] and refined [12, 13] in
subsequent work; its central idea is that the functional is derived from the geometric measures
of the components of the mixture (denoted by the index i ), i.e. the volume Vi , the surface Si and
the radius Ri . One of the main improvements with respect to the original idea was to include
self-consistency of the functional with respect to the zero-dimensional limit which was lacking
in the original FMT-DFT [10]. Nowadays, this consistency is often imposed right from the
beginning by starting with the concept of the zero-dimensional limit, where the excess free
energy can be calculated exactly. Then, well defined prescriptions allow the generalization
to three dimensions. Successful applications of this approach include penetrable spheres that
interact with a repulsive step function [14], the Asakura–Oosawa (AO) model [15] discussed
below [16], the Widom–Rowlinson mixture, where particles of like species are non-interacting,
while particles of unlike species experience HS repulsion [17], and also parallel [18] and
rotating [19] non-spherical particles.

Recently, one of us [20] has provided a formalism of how to construct an FMT-based DF
for a QA mixture of particles with ideal (vanishing) and HS interactions. Taking properly into
account the double average (see above) that is required in the presence of an (ideal or HS)
matrix this concept is able to provide functionals for a fluid in contact with a porous matrix.
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It was found that the form of the functional is consistent with the special limiting case taken
in the replica framework: the functional found for the fluid in contact with a matrix turns out
to be the same as that obtained in the s → 0 limit of the replicated system.

Up to now, only the formalism was presented in [20] and applied to HS mixtures;
comparisons with other theories have not been performed yet. This will be done in the present
contribution by comparing to results from integral-equation theory. The system we study
is a model colloid–polymer mixture in contact with a porous matrix. As in the AO model
the colloid particles are described by HS and globular non-adsorbing polymer coils as ideal
effective spheres with a hard core cross interaction of range Rc + Rp, where Rc and Rp are the
radii of the colloids and polymers, respectively. The AO model has been studied extensively
in bulk [21–24] and recently also at walls by Brader et al [25]. However, confinement induced
by complex pore geometries has not been considered yet and is the aim of the present work.
We bring the binary AO mixture in contact with a porous matrix that is also represented by
HS. Two different cases of polymer–matrix interaction are considered: first we assume HS
repulsion between matrix and both colloids and polymers, hence we call this the cp-repelling
matrix, or for short cp-matrix. Introducing the cp-matrix is a straightforward extension of the
AO model, with two HS species where one of them is quenched and constitutes the matrix
and the other is annealed and constitutes the mobile colloid component. In the second case,
we envisage that due to their flexibility polymers may penetrate a porous medium easier than
solid colloidal particles are able to. Hence, within our framework of effective polymer spheres,
the matrix–polymer interaction should be weaker than the matrix–colloid interaction. As an
extreme case, we assume ideal (vanishing) matrix–polymer interaction. The matrix only repels
colloids, hence we use the term c-repelling matrix, or for short c-matrix. In both cases we deal
with a ternary system  which we construct following the description given earlier [20].

Starting from a description of the colloid–polymer mixture [15], by integrating out the
degrees of freedom of the polymer particles [23], the fully equilibrated system can be mapped
onto a one-component fluid of colloids, interacting (under certain conditions) via effective
pair potentials, known in the literature as AO potentials [15]. The fluid that is in contact with
a matrix becomes a two-component system with effective pair potentials: in both matrices
studied here the effective interaction between colloidal particles is an AO potential; in the first
case (cp-matrix) the colloid and matrix particles interact via an effective AO potential, while
in the second case (c-matrix) the colloid–matrix interaction is a HS potential. For these binary
systems with corresponding effective interactions we have solved the ROZ equations along
with the optimized random phase approximation (ORPA) [27] as closure relation.

We have compared data for the structure functions and the phase diagram obtained from
DFT and from ORPA. We find that both theories give good account of the pair correlation
functions, when compared to data from our computer simulations. For moderate polymer-to-
colloid size ratio q = Rp/Rc, where the ternary mixture can be reasonably well approximated
by an effective binary model, we find that fluid–fluid demixing binodals from both theories are
in good agreement. The two types of matrix considered have a qualitatively different effect on
the phase behaviour. The cp-matrix induces capillary condensation, while the c-matrix leads
to capillary evaporation.

The paper is organized as follows: in section 2 we introduce our model colloid–polymer–
matrix mixture. The DF is constructed in section 3, where we also briefly outline the ROZ-based
integral-equation approach. In section 4 we present data starting with a comparison of pair
distribution functions obtained via DFT, integral-equation theory and computer simulations.
We then present comparisons of phase diagrams obtained via DFT and integral-equation theory
and study in particular the effects generated by varying the size ratio q . The paper is closed
with a discussion and concluding remarks in section 5.
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Figure 1. Illustration of the mixture of colloids (dark grey) and polymers (light grey) adsorbed in
a HS matrix (white). The system (middle) is coupled to both a reservoir of polymers with packing
fraction ηr

p (left), and a reservoir of colloids with packing fraction ηr
c (right). The dashed lines rep-

resent semi-permeable walls that can be penetrated solely by the corresponding reservoir species.

2. The model

In our model of a colloid–polymermixture in contact with a porous matrix we use the following
notation: the particles are characterized by radii Ri , where i = m, c, p for matrix, colloid and
polymer particles, and we also use the diameters σi = 2Ri . The interactions between the
three different species are given via pair potentials Vi j(r). In the DFT approach we will
consider the full ternary system, while in the integral-equation approach we shall treat binary
systems (matrix and colloid particles) with effective pair interactions V eff

i j (r) obtained via
integrating out the polymer degrees of freedom and truncating at the two-body level [23].
As bulk thermodynamic parameters we use the packing fractions ηi = 4πσ 3

i ρi/3, where ρi

is the number density of species i . We imagine the system being in chemical equilibrium
with a reservoir of pure polymers of packing fraction ηr

p, and a reservoir of pure colloids of
packing fraction ηr

c , see figure 1 for an illustration. Control parameters are the two size ratios
q = Rp/Rc and Rm/Rc.

We shall consider three cases.

(i) In the equilibrated colloid–polymer mixture, the matrix is absent and the three pair
potentials that specify the AO model are given by

Vcc(r) =
{

∞ r � σc

0 otherwise,
(1)

Vpp(r) = 0, (2)

Vcp(r) =
{

∞ r � Rc + Rp

0 otherwise.
(3)

Integrating over the degrees of freedom of the polymer particles in the partition function
leads to an effective interparticle potential, V eff

cc (r), between the colloid particles, that
features an attractive depletion attraction, VAO(r), known in the literature as the AO
potential [15]. The effective interaction in the resulting one-component system of colloids
is found to be
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βV eff
cc (r) = βVcc(r) + βVAO(r)

=




∞ r � σc

−ηr
p

(1 + q)3

q3

[
1 − 3r

2(1 + q)σc
+

r3

2(1 + q)3σ 3
c

]
σc < r < σc + σp

0 σc + σp < r ,

(4)

where β = 1/kB T , kB is Boltzmann’s constant and T is absolute temperature. It should
be pointed out that this mapping is only exact for size ratios q < 2/

√
3 − 1 ≈ 0.1547.

For larger q-values many-body effective potentials are non-vanishing, and using solely
the pairwise contribution, equation (4), is an approximation.

(ii) The colloid–polymer mixture is in contact with an HS matrix that repels both colloids and
polymers (cp-matrix). The matrix–matrix interaction is that of HS:

Vmm(r) =
{

∞ r � σm

0 otherwise.
(5)

The interactions between c and p are given in (1)–(3), while the interaction between matrix
and both adsorbate components is

Vcm(r) =
{

∞ r � Rc + Rm

0 otherwise,
(6)

Vpm(r) =
{

∞ r � Rp + Rm

0 otherwise.
(7)

The situation is depicted in the upper panel in figure 2(a). Integration over the degrees of
freedom of the polymer particles leads to a binary system (lower panel in figure 2(a)); the
effective interactions between colloidal particles and between colloid and matrix particles
are V eff

cm (r) = V eff
cc (r) as given in (4) where we have restricted ourselves to Rc = Rm for

simplicity.
(iii) Finally, we consider the colloid–polymer mixture in contact with a colloid-repelling matrix

(c-matrix), see figure 2(b). The HS potential between matrix particles is again given via (5),
while the interaction between the polymer and the matrix particles is ideal

Vpm(r) = 0. (8)

As the polymers do not interact with the matrix no depletion attraction is generated in the
binary cm-mixture and hence V eff

cm (r) = Vcm(r) as given in (6). The effective potential
between colloid particles remains an AO interaction, V eff

cc (r) given in (4).

3. Theory

3.1. Free energy in the zero-dimensional limit

We first consider an idealized situation, where all particles are forced to sit on top of each
other. This zero-dimensional limit can be envisaged as extreme confinement of the system inside
a small cavity of particle size. The advantage is that it allows us an exact solution of the
many-body problem, as the configurational integral (over all particle coordinates) becomes
trivial. What remains to be considered is the statistical problem of counting the allowed
particle configurations of the model under consideration. Although the detailed shape of the
cavity is irrelevant, for clarity we explicitly choose a spherical pore, such that only space points
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Figure 2. Sketch of the AO model of colloids (dark grey) and polymers (light grey) adsorbed in
different HS matrices (white). The upper panels show the ternary mixtures with explicit polymers;
the lower panels show the binary mixtures where colloid–colloid effective interactions are given
by the AO potential (dashed line). The matrix particles behave as HS (solid line) without depletion
attraction because they are quenched before having been brought into contact with polymers. (a) cp-
matrix: in the ternary system all interactions are hard core except for the ideal polymer–polymer
interaction. In the binary model, this leads to an effective AO potential between colloids and matrix
particles. (b) c-matrix: in the ternary system the interactions between polymers and matrix particles
are ideal; in the binary mixture the effective matrix–colloid interaction is hard core.

r with |r| < ε are accessible to the particle centres, and ε � Ri . This corresponds to a hard
spherical pore of (i -dependent) radius Ri + ε. Hence each particle’s centre is allowed to move
inside a sphere of volume v0d = 4πε3/3. In the following we review the zero-dimensional free
energy of the AO model without matrix, and calculate this quantity for both ternary mixtures
considered in this contribution. We use the symbol A to indicate zero-dimensional Helmholtz
free energies, and F for the three-dimensional case.

3.1.1. Equilibrated AO model. For the (fully equilibrated) binary AO mixture it was
shown [16] that the zero-dimensional partition sum is given by

� = zc + exp(z p), (9)

where zi = v0d�
−3
i exp(βµi) is the scaled fugacity, �i is the (irrelevant) thermal wavelength

and µi is the chemical potential of species i = c, p. The first term on the rhs of equation (9)
corresponds to the state where the cavity is occupied by one colloidal particle. All states with
more than one colloid are forbidden due to the HS repulsion between colloids, and therefore
carry vanishing statistical weight. Hence terms of higher than linear order in zc are absent in
equation (9). The second term on the rhs of equation (9) is simply the partition sum of an ideal
gas of polymers, reflecting the absence of interactions between these particles in the AO model.

From the grand potential 	 given through β	 = − ln � the mean particle numbers
are obtained as η̄i = −zi∂β	/∂zi , i = c, p. The Helmholtz free energy is β Atot =
β	 +

∑
i=c,p η̄i ln(zi). The excess (over ideal) part is obtained by subtracting the ideal gas

contribution, β A = β Atot−∑
i=c,p η̄i [ln(η̄i)−1]. Explicitly, this leads to the zero-dimensional

excess free energy,

β A(η̄c, η̄p) = (1 − η̄c − η̄p) ln(1 − η̄c) + η̄c, (10)

which was used in [16] as an input to derive a three-dimensional DF for the AO model.
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3.1.2. AO model in a colloid- and polymer-repelling matrix. In order to calculate the zero-
dimensional excess free energy for the AO model in the presence of the cp-matrix, we follow
the same steps as above, with the important distinction of using a double QA average instead
of a single one for the fully annealed system [20]. We first consider the matrix alone. Either
the cavity is empty, or it carries a single matrix particle. Summing up these states in the grand
ensemble yields the matrix grand partition sum,

�0 = 1 + zm, (11)

which equals the result for (fully annealed) HS, first considered (via a different route) in [12].
The grand potential is given through β	0 = − ln �0. The average number of matrix
particles is η̄m = −zm∂β	0/∂zm . We Legendre transform to the Helmholtz free energy,
β Atot

0 (η̄0) = β	0 + η̄m ln(zm). Its excess part is obtained from β A0 = β Atot
0 − η̄m[ln(η̄m)−1],

and is explicitly given by

β A0(η̄m) = (1 − η̄m) ln(1 − η̄m) + η̄m . (12)

In order to obtain the QA zero-dimensional free energy of the AO mixture, we need to
average the free energy of the adsorbate over all configurations of the matrix. If the matrix is
empty, the adsorbate grand partition sum is equal to the case of the fully annealed AO model
(given in equation (9)). If the cavity is non-empty, i.e. is occupied by one single matrix particle,
the HS potentials between matrix and colloid and between matrix and polymers prohibit the
presence of any adsorbate particles, and hence the only allowed state is free of colloids and
polymers. Summarizing, the adsorbate grand partition sum is given by

�1 =
{

zc + exp(z p) no matrix particle

1 otherwise.
(13)

The adsorbate free energy is then obtained as the average over all matrix realizations of
−kB T ln �1, with the appropriate statistical weight according to the matrix partition sum,
equation (11); note that �1 still depends on the matrix configuration. The weight is given
by 1/�0 for the first, and by zm/�0 for the second line in equation (13). Hence the (scaled)
zero-dimensional adsorbate grand potential is

β	1 = − ln(zc + exp(z p))

1 + zm
. (14)

Albeit a standard Legendre transformation,we again briefly sketch the necessary steps to obtain
the corresponding Helmholtz free energy, A1. The average particle numbers of adsorbate
particles are given as η̄i = −zi∂β	1/∂zi , i = c, p, and the Helmholtz free energy is obtained
as β Atot

1 = β	1 +
∑

i=c,p η̄i ln(zi). The excess part is found by subtracting the (adsorbate)
ideal gas contribution, β A1 = β Atot

1 − ∑
i=c,p η̄i [ln(η̄i ) − 1]. The final result is

β A1(η̄m; η̄c, η̄p) = (1 − η̄m − η̄p − η̄c) ln(1 − η̄m − η̄c) + η̄c − (1 − η̄m) ln(1 − η̄m). (15)

3.1.3. AO model in a colloid-repelling matrix. In the case of the c-matrix, the matrix is a
HS fluid that repels only colloids but is penetrable to the polymers. A0(η̄m) is again given
by equation (12). The allowed adsorbate states are the following: if the cavity is empty, the
situation is the same as above (first line on the rhs of equation (13)). If the cavity is occupied by
a single colloid, however, an arbitrary number of polymers may be present, as the interaction
between matrix particles and polymers is ideal. We obtain

�1 =
{

zc + exp(z p) no matrix particle

exp(z p) otherwise.
(16)
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Following the same steps as above yields the Helmholtz excess free energy for the adsorbate,

β A1(η̄m; η̄c, η̄p) = (1 − η̄m − η̄c) ln(1 − η̄m − η̄c) − η̄p ln(1 − η̄c)

+ η̄c − (1 − η̄m) ln(1 − η̄m). (17)

3.1.4. Relation to the replica trick. Using the replica trick one starts from a fully equilibrated
system, in which the adsorbate species are replicated s times. Particles of different replicas do
not interact among each other (their interactions are ideal), but interact with the matrix particles
in the same fashion. For such replicated models the above formalism (section 3.1.1) may be
applied, and the zero-dimensional excess free energy, A2, of the replicated system is obtained.
The zero-dimensional QA free energy is the limit A1 = lims→0[∂ exp(−A2)/∂s] exp(A2).
One can show that for the models considered here A2 = A0(η̄m) + s A1(η̄m; η̄c, η̄p). Hence
the free energy obtained from the replica trick is equal to the result from the explicit double
average, A1 = A2.

3.2. Density functional theory

3.2.1. Geometry-based free energy functional. Returning to three dimensions, we apply well
tried geometrical recipes to derive approximative DFTs [10, 12–14, 16, 17]. The formalism
requires as input the zero-dimensional excess free energy A of the model under consideration
and yields as an output (an approximation for) the three-dimensional excess free energy
functional, Fexc. It can be applied to either the pure matrix, where A = A0, to the adsorbate,
A = A1, or even to the replicated system, A = A2. Within the framework, the excess
Helmholtz free energy is expressed as

Fexc[{ρi (r)}] = kB T
∫

d3x �({n(i)
α (x)}), (18)

where {ρi (r)} is the set of all density profiles. The reduced free energy density � is a function
of a set of weighted densities {n(i)

α (x)}, where i labels the species and α the type of weighted
density. The weighted densities are obtained by convolutions of the actual density profiles
with weight functions w(i)

α , explicitly given as

n(i)
α (x) =

∫
d3r ρi (r)w(i)

α (x − r). (19)

As all non-vanishing interactions are HS interactions, it is sufficient to take the usual
fundamental measure weight functions [10, 13], which recover (upon convolution) the Mayer
bonds exp(−βVi j(r)) − 1. The weight functions are defined as

w
(i)
3 (r) = 
(Ri − r), w

(i)
2 (r) = δ(Ri − r), (20)

w
(i)
v2 (r) = w

(i)
2 (r) r/r, ŵ

(i)
t2 (r) = w

(i)
2 (r)

[
rr

r2
− 1̂/3

]
, (21)

where r = |r|, 
(r) is the Heaviside step function, δ(r) is the Dirac distribution, rr is
a dyadic product and 1̂ is the rank-two unit tensor. Further, linearly dependent, weights
are w

(i)
1 (r) = w

(i)
2 (r)/(4π Ri),w

(i)
v1 (r) = w

(i)
v2 (r)/(4π Ri),w

(i)
0 (r) = w

(i)
1 (r)/Ri . The

weight functions w(i)
α have dimension of length3−α . They differ in their tensorial rank:

w
(i)
0 , w

(i)
1 , w

(i)
2 , w

(i)
3 are scalars; w

(i)
v1 ,w

(i)
v2 are vectors (subscript v); ŵ

(i)
t2 is a rank-two

tensor (subscript t). This formulation is equivalent to the tensorial formalism in [26], see
equations (1.16), (1.17) therein. In principle, the rank-three tensorial form introduced in [26]
could be used for problems where the dimensional crossover is delicate.
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We determine the functional dependence of � on the weighted densities by imposing the
exact crossover to zero dimensions, where ρi (r) = η̄iδ(r), and follow recent treatments of
FMT [13, 26] by considering multi-cavity limits to obtain � = �1+�2+�3, with contributions

�1 = n(i)
0 ϕi ({n(l)

3 }), (22)

�2 = (n(i)
1 n( j)

2 − n
(i)
v1 · n

( j)
v2 )ϕi j({n(l)

3 }), (23)

�3 = 1

8π
(n(i)

2 n( j)
2 n(k)

2 /3 − n(i)
2 n

( j)
v2 · n

(k)
v2 + 3

2 [n(i)
v2 n̂

( j)
t2 n

(k)
v2 − tr(n̂(i)

t2 n̂
( j)
t2 n̂

(k)
t2 )])ϕi jk({n(l)

3 }),
(24)

where the repeated-index summation convention is used, derivatives of the zero-dimensional
excess free energy are ϕi ...k({η̄l}) ≡∂mβ Aτ ({η̄l})/∂η̄i . . . ∂η̄k and tr denotes the trace. For
τ = 0, 1, 2, functionals Fexc

τ for matrix, adsorbate and replicated system are obtained,
respectively. Two routes to the QA free energy functional are possible: either directly through
A1, giving Fexc

1 , or via application of the replica trick to Fexc
2 . The results from the two routes

can be shown to be equal, Fexc
1 = Fexc

2 , which is a sign of internal consistency of the current
approach.

3.2.2. Minimization principle. For reasons of completeness, we give the general strategy for
how to apply the theory to an inhomogeneous problem. One first needs to obtain the matrix
density profiles from minimization (with respect to the matrix density field ρm(r)) of the grand
potential functional

	̃0[ρm(r)] = Fexc
0 [ρm(r)] + kB T

∫
d3r ρm(r)[ln(ρm(r)�3

m) − 1]

+
∫

d3r [V ext
m (r) − µm]ρm(r), (25)

where V ext
m is an external potential acting on m, generating matrix inhomogeneities. (In our

subsequent study, section 4, we only consider matrices that are spatially uniform on average,
hence V ext

m (r) = 0.) At the minimum

δ	̃0

δρm(r)
= 0. (26)

Once ρm(r) is known, the adsorbate densities are obtained from minimization (only with
respect to the adsorbate density distributions ρc(r) and ρp(r)) of the grand potential

	̃1[ρm(r); ρc(r), ρp(r)] = Fexc
1 [ρm(r); ρc(r), ρp(r)]

+ kB T
∫

d3r
∑

i=c,p

ρi (r)[ln(ρi (r)�3
i ) − 1] +

∫
d3r

∑
i

[V ext
i (r) − µi ]ρi (r),

(27)

where V ext
i act on species i = c, p, and ρm(r) is treated as a fixed input quantity. Again, at

the minimum

δ	̃1

δρc(r)
= 0,

δ	̃1

δρp(r)
= 0. (28)

3.2.3. Direct correlation functions. From the excess free energy functionals Fexc
0 and Fexc

1
given in section 3.2.1 one obtains direct correlation functions ci j(r) by calculating functional
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derivatives and setting the density profiles to constant values. Explicitly for matrix and fluid
species:

cmm(r) = ∂2β Fexc
0

∂ρm(r)∂ρm(r′)

∣∣∣∣
ρm=const

, (29)

ci j(r) = ∂2β Fexc
1

∂ρi (r)∂ρ j(r′)

∣∣∣∣
ρi ,ρ j ,ρm=const

, i j �= mm, (30)

where r = |r − r′|. Performing these calculations yields analytical expressions for the ci j(r),
which are similar to the bulk AO case discussed in [16]. We will use these results below in
our study of the liquid structure.

3.3. Integral-equation approach

Integral-equation approaches to calculate the structural and thermodynamic behaviour of fluids
in contact with a porous matrix have been derived in the framework of the replica formalism.
As shown by Given and Stell [3–5] one can relate the properties of the QA mixture to those of
a fully equilibrated (s + 1)-component mixture: the latter consists of the now mobile matrix
particles and of s non-interacting identical copies of the liquid. Using standard liquid state
methods [6] for the equilibrated mixture and taking appropriately the limit s → 0 one obtains
expressions that allow the determination of the structural and thermodynamic properties of the
QA system.

The structure functions (i.e. total and direct correlation functions hi j(r) and ci j(r) between
the different particle species involved) are obtained from a numerical solution of the ROZ
equations, the counterpart of the Ornstein–Zernike equations of equilibrium fluids; they read

hmm(r) = cmm(r) + ρm[cmm ⊗ hmm](r), (31)

hmc(r) = cmc(r) + ρ0[cmm ⊗ hmc](r) + ρc[cmc ⊗ hcc](r) − ρc[cmc ⊗ hcc′ ](r), (32)

hcc(r) = ccc(r) + ρ0[cmc ⊗ hmc](r) + ρc[ccc ⊗ hcc](r) − ρc[ccc′ ⊗ hcc′ ](r), (33)

hcc′(r) = ccc′(r) + ρm[cmc ⊗ hmc](r) + ρc[ccc ⊗ hcc′ ](r)

+ ρc[ccc′ ⊗ hcc](r) − 2ρc[ccc′ ⊗ hcc′](r), (34)

where ⊗ denotes convolution, and index c′ denotes a colloidal particle from a different replica.
Once the correlation functions are known one can calculate the thermodynamic properties.
In our case we have solved the ROZ equations along with the ORPA closure relation [27]
which allows us to determine explicit expressions for the thermodynamic properties; they are
summarized along with the details of the numerical solutions in [28]. Coexistence curves are
obtained from solution of the phase coexistence conditions.

4. Results

4.1. Structural correlations

As a first quantitative test of the accuracy of both theoretical approaches, we investigate the
partial pair correlation functions gi j(r) = 1 + hi j(r). To provide benchmark results, we have
carried out Monte Carlo (MC) computer simulations in the canonical ensemble with 1026
particles. Statistics for the gi j(r) were obtained by averaging over 20 independent matrix
realizations obtained from equilibrium MC simulation. For each matrix realization 105 MC
moves per particle were performed.
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Figure 3. Partial pair correlation functions gcc(r) and gcm (r) for the AO model adsorbed in
a HS matrix as a function of r/σc for equal sizes σm = σc = σp obtained from DFT, ORPA
and MC computer simulations. (a) cp-matrix for ηm = ηc = ηp = 0.06. (b) c-matrix for
ηm = ηc = ηp = 0.1. The cm-curves are shifted upward by 0.5 for clarity.

In order to obtain the gi j(r) from DFT, we use the analytical approximations for the ci j(r)

(see section 3.2.3) in conjunction with the ROZ equations (the generalization of equations (31)–
(34) to ternary systems [29]). Within our approximate DF, direct correlation functions for
particles of different replicas vanish identically, ccc′ = 0, etc. This ROZ route constitutes a
severe test of the DF, as the approximation is performed on the level of Fexc and two (functional)
derivatives will in general enhance any inaccuracies.

Figure 3 shows the partial pair correlations that concern no polymer species, i.e. gcc(r)

and gcm(r), as functions of the scaled distance r/σc. We do not display the gmm(r) which are
simply the HS pair correlation functions. For simplicity we restrict ourselves to equal sizes
(σm = σc = σp, i.e. q = 1) and consider the two matrices introduced above: in figure 3(a)
we show results for the cp-matrix for packing fractions ηm = ηc = ηp = 0.06. In figure 3(b)
we consider the c-matrix ; due to the polymer penetrability we can choose somewhat higher
packing fractions, ηm = ηc = ηp = 0.1, while still staying away safely from any (demixing)
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Figure 4. Partial pair correlation functions gi j (r) for the AO model adsorbed in an HS matrix as a
function of r/σc for equal sizes σm = σc = σp obtained from DFT and MC computer simulations.
(a) cp-matrix for ηm = ηc = ηp = 0.06. (b) c-matrix for ηm = ηc = ηp = 0.1. The curves are
shifted upward by 0.5 for clarity, as labelled.

phase boundary. We emphasize that the matrix packing fractions considered in this part of our
study are relatively large compared to experimental studies. The densities we investigate are
moderate, i.e. overall densities are ηc + ηp + ηm = 0.18 in case of the cp-matrix and 0.3 in case
of the c-matrix. We believe that such densities constitute non-trivial tests of the theories. A
stronger test would be provided by approaching the demixing phase boundary by increasing
colloid and polymer densities, an issue that we leave for possible future work.

The general agreement of the results from DFT and ORPA with MC data is in both cases
very good. The DFT result slightly violates the core conditions, gcc(r < 2Rc) = 0 and
gcm(r < Rc + Rm) = 0. It is even closer to the MC result than the ORPA outside the core.
Undoubtedly a certain amount of the differences can be attributed to the fact that the MC and
DFT results are obtained for the full ternary system, while ORPA data are calculated for a
binary system with effective forces, neglecting three- and higher-body forces for q > 0.1547.
In particular for the large q-value chosen here (q = 1), this truncation has non-negligible
effects. Summarizing we can conclude that DFT and ORPA are capable of describing the fluid
correlations correctly.
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The other pair correlation functions concern correlations with polymer particles, namely,
gmp(r), gcp(r) and gpp(r). These functions can be obtained if the full ternary system is treated
(as this is the case in the DFT approach); in the ORPA, where we consider only the binary
system with effective pair interactions, information about these correlation functions is lost. In
figure 4 the DFT results are shown and again compared to MC data. We observe pronounced
differences between the results for the cp-matrix and the c-matrix in the behaviour of gmp(r) for
r < Rm + Rp, demonstrating the tendency for polymers to sit on the top of the matrix particles
in the case of the c-matrix. Again agreement between MC and DFT results is satisfactory.

4.2. Fluid demixing

We next investigate the fluid demixing phase diagram of the model colloid–polymer mixture in
contact with the matrix. The parameter q plays here an important role. While for q < 0.1547
the above mentioned mapping of the ternary system onto a binary system with effective pair
potentials is exact, we did not choose q-values that are that small, since only for q � 0.35
does the fluid–fluid transition become stable with respect to the freezing transition [22, 23].
As a compromise we have therefore chosen as the lowest value q = 0.3, and compare how the
(possibly metastable) demixing binodals from ORPA and DFT are affected by the presence
of the matrix. Here and in the following we have chosen equal sizes for the matrix and the
colloid particles, σm = σc. The matrix packing fraction is ηm = 0.05; here we know [29] that
for matrix packing fractions larger than ∼0.1 discrepancies between computer simulation data
and ORPA results are observed.

We display the binodal in two different representations (see figure 5): first, in the
(ηc, η

r
p)-plane (left panels in figure 5), corresponding to the density versus inverse temperature

representation for a simple fluid; second, in the (ηr
c, η

r
p)-plane (right panels in figure 5), where

ηr
c is the packing fraction of colloids in a reservoir of pure colloids. ηr

c is obtained by equating
the colloid chemical potential of the system and of the colloid reservoir (within the DFT the
expression for the reservoir chemical potential is identical to the Percus–Yevick compressibility
result). As the relation between ηr

c and the colloid chemical potential is monotonic, the second
representation corresponds to a chemical potential versus inverse temperature phase diagram.
Note that if we consider the binary model with effective pair interactions (as done in the ORPA
treatment), we need to take into account the one-body polymer contribution that emerges in the
partition sum. This generates an additive constant kB T ηr

p(1 + q)3/q3 to the colloid chemical
potential, which does not affect phase equilibria, but needs to be taken into account when
assuming equilibrium with a pure system of colloids with fraction ηr

c .
In figure 5 we show the phase diagrams obtained from DFT and ORPA for the bulk (no

matrix) colloid–polymer mixture and for the case where this mixture is in contact with the cp-
matrix or c-matrix. Comparing the bulk case with the computer simulation results by Bolhuis
et al [24] for a similar size ratio (q = 0.34) we find that the ORPA fares better, indicating that
the accuracy of the free volume free energy worsens for strongly asymmetric size ratios. (Note
that ORPA results in figure 5(b) are displayed only in a smaller ηr

p-interval, as the solution of the
integral equations becomes involved as we proceed to higher polymer densities.) The effect of
both matrices is to shift the critical point and hence the binodal toward larger ηr

p, corresponding
to the common shift of the critical point to smaller temperatures in simple fluids. In the cp-
matrix case, we observe only a rather small effect. This is understandable as matrix and colloid
particles interact in a similar way with the polymer particles (HS interactions with polymers
in the ternary model, AO attraction in the binary model with effective interactions), and the
critical colloid packing fraction is large compared to the ηm . Hence in this case where a small
portion of identical particles is quenched the effect of the matrix is only a minor one. For
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Figure 5. Demixing phase diagram for the model colloid–polymer mixture in contact with different
HS matrices as a function of ηc, η

r
p (left panels) and ηr

c, η
r
p (right panels) for ηm = 0.05 and size

ratios q = 0.3, σm/σc = 1. Tielines between coexisting phases are horizontal in the left panels.
(a) DFT result, (b) ORPA result.

the c-matrix we observe a considerably larger effect: the presence of matrix particles that can
be penetrated by polymers (and which consequently do not feature depletion attraction in the
effective system) shifts the critical point and the binodal toward larger ηr

c , reflecting capillary
evaporation. The ORPA results in figure 5(b) show the same tendencies for the shift of the
critical point as observed in DFT, however the effects are quantitatively smaller.

Increasing the size ratio to q = 0.6 we expect the fluid demixing phase transition to be
stable with respect to the freezing transition [23]; results for this case are depicted in figure 6.
Again comparing the bulk case to the simulations for q = 0.67 [24] we find that both theories
predict the binodal and the location of the critical point reasonably well. It is manifest that in the
case of the cp-matrix the critical point and the binodal shift to smaller ηr

c , reflecting capillary
condensation of the colloidal liquid phase. In contrast, we observe that the c-matrix shifts the
critical point and the binodal to larger ηr

c which is the indication of capillary evaporation of
the colloid liquid. The qualitatively different behaviour is predicted consistently in DFT and
ORPA.
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Figure 6. The same as figure 5, but for size ratio q = 0.6.

Finally, we display results for size ratio q = 1 in figure 7. This is a rather large q-
value, where many-body contributions to the effective interactions of the binary system must
be considered as important, hence the mapping from the ternary to the binary system with
effective pair potentials is certainly questionable. Certainly as a consequence of this fact,
marked differences in the binodals between both theories are observed.

(i) Within the ORPA the bulk critical point (and hence the binodal) is shifted toward larger ηc

and smaller ηr
p compared to the treatment of the full mixture (DFT). A similar trend was

found before in a comparison of free-volume theory and perturbation theory for the AO
potential [23] (see the results for q = 0.8 therein). Note also that the free volume result
is quite accurate for large size ratios compared to simulation results (q = 1.05 in [24]).

(ii) In the DFT a crossover has occurred, namely the c-matrix shifts the binodal to higher
values of ηr

p than the cp-matrix, while this now reversed succession is not predicted by
the ORPA. In addition, the binodals in the (ηr

c, η
r
p)-representation have different slopes in

ORPA and DFT.

We attribute these differences rather to the above mentioned differences in the models
considered, than to the respective theoretical treatments.
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Figure 7. The same as figure 5, but for size ratio q = 1.

As our DFT treatment operates on the level of the full ternary system, the system polymer
packing fraction, ηp, is easily accessible. In figure 8 we display the demixing binodal in
the (ηc, ηp)-plane (left panel). Qualitatively different behaviour emerges for the two types of
matrix: the cp-matrix promotes demixing, while the c-matrix suppresses demixing. Finally,
in the (ηr

c, ηp)-representation again we observe the binodal shift toward higher ηr
c . The same

trend is observed for the larger size ratios q = 0.6 (figure 9) and q = 1 (figure 10).

5. Conclusions

In this paper we have compared results for the structure and the phase behaviour of a model
colloid–polymer mixture that is in contact with a porous matrix. All interparticle interactions
encountered in this ternary system are either HS-like or ideal. We have first considered the
pure bulk mixture (colloids—HS—and polymers—ideal particles) and have then brought this
fluid into contact with a porous matrix, represented by HSs.

We have studied two cases, the cp-matrix where the matrix and the polymer particles
interact as HSs and the c-matrix where the polymer particles are allowed to overlap the matrix
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Figure 8. DFT result for the demixing phase diagram for the model colloid–polymer mixture in
contact with different HS matrices as a function of the system fractions ηc, ηp (left panel) and
of ηr

c , ηp (right panel) for packing fraction ηm = 0.05 and size ratios q = 0.3, σm/σc = 1
(corresponding to figure 5). Tielines between coexisting phases have negative slopes in the left
panel and are vertical in the right panel.
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Figure 9. The same as figure 8, but for q = 0.6 corresponding to figure 6.

particles. The phase diagram has been calculated on one hand from an FMT-based DF for the
full ternary system. On the other hand, we have used an integral-equation approach for the
two-component system with effective pair potentials which is obtained by averaging over the
polymer degrees of freedom. We have found excellent agreement for the matrix–colloid and
the colloid–colloid pair distribution functions obtained via the two theoretical approaches for
a system with a rather large matrix packing fraction and not too close to a phase boundary;
additional MC results confirm the reliability of the results. We have then calculated the phase
diagram for the bulk colloid–polymer mixture and for the situation where this binary mixture is
in contact with a matrix that repels colloids and polymers (cp-matrix) or repels solely colloids
(c-matrix). We have considered three values of the size ratio q of colloid and polymer particles
(0.3, 0.6 and 1). For the two smaller q-values the c-matrix leads—consistently in the ORPA
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Figure 10. The same as figure 8, but for q = 1 corresponding to figure 7.

and DFT—to a considerable shift of the critical point (and consequently of the entire binodal)
toward higher polymer packing fractions. For the cp-matrix we observe a similar but less
pronounced effect. For q = 1, inconsistent predictions are observed from the two theories;
this can undoubtedly be attributed to a considerable degree to the fact that the mapping of
the ternary system onto the binary system with effective pair potentials neglects substantial
contributions due to three- and many-body forces. Both approaches predict that the cp-matrix
and c-matrix induce capillary condensation and evaporation, respectively.
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